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Abstract. Consider the generalized linear least squares (GLS) problem min |[Lz|l2 such that
||IM(Ax — b)||2 = min. The weighted pseudoinverse AJIr\/IL is the matrix that maps b to the minimum
2-norm solution of this GLS problem. By introducing a linear operator induced by {A, M, L} be-
tween two finite-dimensional Hilbert spaces, we show that the minimum 2-norm solution of the GLS
problem is equivalent to the minimum norm solution of a linear least squares problem involving this
linear operator, and ARIL can be expressed as the composition of the Moore—Penrose pseudoinverse
of this linear operator and an orthogonal projector. With this new interpretation, we establish the
generalized Moore—Penrose equations that completely characterize the weighted pseudoinverse, give
a closed-form expression of the weighted pseudoinverse using the generalized singular value decompo-
sition (GSVD), and propose a generalized LSQR (gLSQR) algorithm for iteratively solving the GLS
problem. We construct several numerical examples to test the proposed iterative algorithm for solv-
ing GLS problems. Our results highlight the close connections between GLS, weighted pseudoinverse,
GSVD, and gLLSQR, providing new tools for both analysis and computations.
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1. Introduction. Consider the generalized linear least squares (GLS) problem

(1.1) m%{n ||Lz||2 such that | M(Az — b)||2 =min,
TER™

where A € R™*" M € R?*™ and L € RP*™. In some of the literature it is also
called the weighted linear least squares problem. The GLS problem generalizes the
standard least squares (LS) problem min||z||z such that ||Az — b||2 = min by incor-
porating weighting matrices M and L, which introduces additional constraints and
objectives tailored to specific data characteristics. For instance, M might be used
to increase the relative importance of accurate measurements, while L could adjust
the regularization or constraint structure to improve stability or enforce certain prop-
erties in the solution [11, Chap. 6.1]. Such problems arise in a variety of practical
applications, including scatter data approximation [35], functional data analysis [17],
ill-posed inverse problems [9], surface fitting problems [34], and many others.

The GLS problem is relatively simple when L has full column rank, where it must
have a unique solution. The case that both L and M have full column rank has been
extensively studied in earlier literature; see, e.g., [1, 31]. For general rectangular matri-
ces M and L, in [24] the authors proposed the concept of projection under seminorms
to study the existence and structure of the solutions of (1.1). A well-known result is
that the uniqueness of the solution of (1.1) is equivalent to N(MA) N N(L) = {0},
where A/(+) is the null space of a matrix. In the case of nonuniqueness, there is a
unique minimum 2-norm solution of (1.1). The GLS problem was then intensively
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studied in [8], where the author gave the expression of the general solutions. Specifi-
cally, the author demonstrated that the minimum 2-norm solution can be written as
A}LVILb, where A}LVIL € R™*™ is the so-called M, L weighted pseudoinverse of A that
shares several properties analogous to the Moore—Penrose pseudoinverse.

The weighted pseudoinverse is a generalization of the Moore—Penrose pseudoin-
verse of a single matrix. Since the concept of the pseudoinverse was first introduced by
Moore [25, 26] and later by Penrose [29, 30], it has received considerable attention and
many applications [3, 10, 21, 22], and there have been several various generalizations
of the Moore—Penrose pseudoinverse, such as the restricted pseudoinverse proposed
for linear-constrained LS problems [2, 16, 23], the product generalized inverse [6], and
another type of weighted pseudoinverse (different from that in this paper) [5, 32, 33].
Among these generalizations, the weighted pseudoinverse proposed in [8] has attracted
significant attention. For example, in [13], the authors proposed an algorithm for com-
puting the GSVD of {A, L}, where at each iteration L];Az needs to be computed for
some vector z; here I is the identity matrix. Moreover, using L; 4, the general-form
Tikhonov regularization problem mingegn {||Az — b||3 + A||Lz||3} can be transformed
to a standard-form problem, which is much easier for analysis and computations; see,
e.g., [14, 15].

However, computing the weighted pseudoinverse and solving the GLS problem are
both quite challenging. Existing methods primarily depend on matrix factorizations,
which are effective only for small-scale problems. For the case that N(MA)NN (L) =
{0} with M = I,,,, the identity matrix of order m, the author in [8] gave a closed-
form expression of AJ} ; using the generalized singular value decomposition (GSVD)
of {A,L}, which can be used to compute the solution of (1.1). Furthermore, he
proposed a more efficient algorithm for computing A} ;, based on QR factorizations,
which avoids the GSVD computation. For large-scale matrices, however, there is a
lack of efficient methods for computing A%, or for iteratively computing A%, b for
a given b. This may partly be due to an insufficient understanding of the properties
of the weighted pseudoinverse. In contrast, the properties of the Moore-Penrose
pseudoinverse A are well-established, and a variety of computational methods are
available for it. For example, there is a closed-form expression of At by using the
singular value decomposition (SVD) of A, and A'b is the minimum 2-norm solution
of mingegn ||Axz — b||2, which can be approximated efficiently by the iterative solver
LSQR [28]. It would be beneficial to gain new insights into the weighted pseudoinverse
and to establish deeper analogies with the Moore—Penrose pseudoinverse. This could
enable the development of efficient iterative methods for computing A}L\/I I

In this paper, we provide a new interpretation of the weighted pseudoinverse and
use it to design an iterative algorithm for computing A}L\/I 1,b. To achieve this, we first
introduce a linear operator A between two finite-dimensional Hilbert spaces, with
non-Euclidean inner products induced by the matrices { A, M, L}. Then we formulate
an operator-type LS problem involving A, showing that its minimum norm solution
coincides with the minimum 2-norm solution of (1.1). This result establishes a con-
nection between A}LV[ ;, and At the MoorePenrose pseudoinverse of A. Building on
this connection, we derive a set of generalized Moore—Penrose equations that fully
characterize the weighted pseudoinverse. Additionally, by using the GSVD of {A, L},
we give a closed-form expression for A; 1, which is applicable regardless of whether
or not N(A) NN (L) = {0}. To address the practical computational challenges in-
volving A}LW 1., we extend the classical Golub-Kahan bidiagonalization (GKB) method
[10] and propose a novel iterative algorithm called the generalized LSQR (gLSQR).
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The design of this algorithm leverages the connection between ARI ;, and AT, which
can efficiently compute A}LW b by iteratively refining the solutions to the GLS problem
(1.1) without requiring any matrix factorizations. To demonstrate the effectiveness
of gLSQR, we construct several numerical examples of GLS problems and show its
ability to compute solutions with high accuracy across these diverse scenarios. The
results in this paper highlight the close connections between GLS, weighted pseudoin-
verse, GSVD, and gLL.SQR, providing new tools for both analysis and computations
of related applications.

The paper is organized as follows. In section 2 we review several basic properties
of the LS problem and the Moore—Penrose pseudoinverse. In section 3 we analyze the
GLS problem from the perspective of an equivalent operator-type LS problem. Build-
ing on this perspective, we offer a new interpretation of the weighted pseudoinverse
and present several basic properties. In section 4 we generalize the GKB method and
propose the gLSQR algorithm for iterative computing A}LV[ pb. In section 5 we con-
struct several nontrivial numerical examples to test the gLSQR algorithm. Finally,
we conclude the paper in section 6.

Throughout the paper, we denote by N (-) and R(-) the null space and range
space of a matrix or linear operator, respectively, denote by 0 the zero matrix/vector
with orders clear from the context, and denote by span{-} the subspace spanned by
a group of vectors or columns of a matrix.

2. Linear least squares and pseudoinverse of linear operators. We review
several basic properties of the LS problems and the pseudoinverse of linear operators
in the context of Hilbert spaces; see, e.g., [1, 12] for more details. These properties
will be used in the subsequent sections.

Let X and Y be two Hilbert spaces, and let T': X — ) be a bounded linear
operator where its adjoint is denoted by T*. Consider the linear operator equation
Tz =y, which has a solution if and only if y € R(T'). Otherwise, we consider the least
squares solution. An element x € X is called a least squares solution of Tx =y if it
satisfies

(2.1) [Tz —ylly =inf{||Tz —ylly:z€ X}
If the set of all least squares solutions has an element of minimum X-norm, i.e.,
(2.2) |z|| x = inf{]|z||x : = is a least squares solution of Tz =y},

then we call such an x a best-approximate solution of Tx = y. The following well-
known result describes the existence and uniqueness of the least squares solution and
best-approximate solution.

THEOREM 2.1. For the linear operator equation Tx =1y, the following properties
hold:

(1) It has a least squares solution if and only if y € R(T) + R(T)*.

(2) If (1) is satisfied, then x is a least squares solution if and only if

(2.3) T Te=T"y

holds, which is called the normal equation.
(3) If (1) is satisfied, then x is the unique best-approzimate solution if and only
if (2.3) is satisfied and x € N'(T)*.

The best-approximate solution is closely related to the Moore—Penrose pseudoin-
verse of T', which is the linear operator mapping y to the best-approximate solution
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of Tx =y. Based on Theorem 2.1, the definition of the Moore—Penrose pseudoinverse
is as follows.

_DEFINITION 2.2. For the bounded linear operator T': X — Y, define its restriction
as T := T|nryr : N(T)= — R(T). The Moore—Penrose pseudoinverse TV of T is
defined as the unique linear estension of T~' to D(TT) := R(T) + R(T)* such that
N(TT)=R(T)*.

It has been proved that the following four “Moore—Penrose” equations hold:

TTI'T =T,

TiITTt =TT,
(2.4)

TTT = PN(T)J- 5

where Pg is the orthogonal operator onto a closed subspace S. Moreover, the Moore—
Penrose equations uniquely characterize T, i.e., there exists a unique linear operator
Tt that satisfies equations (2.4), and the last two conditions can even be relaxed as
that TTT and TTT are two orthogonal projectors. The following limit property holds:

(2.5) Tt =lim (T*T + 61)" ' T* = lim T* (T'T* + 61)"",
N0 5N\0

where I : X — X is the identity operator. Using the pseudoinverse, the following
well-known result describes the structure of the least squares solutions.

THEOREM 2.3. Let y € D(TY). Then x' := TTy is the unique best-approzvimate
solution of Tx =1y, and the set of all least squares solutions is x' + N(T).

Now we come back to the settings with matrices. By treating A € R™*" as
a linear operator between the Euclidean spaces R™ and R™, all the above results
directly apply to A. Let the SVD of A be UTAV = X%, where ¥ = (*r o) € R
with ¥, = diag(o1,...,0,) € R™" gy > -+ > 0, > 0, and U = (ug,...,uy) €
R™*™ and V = (v1,...,v,) € R™*™ are orthogonal matrices. The pseudoinverse of
A has the expression AT = VETUT with ©f = (Z;1 0) € R™ ™ and the LS problem

mingegn || Az—b|2 has a unique minimum 2-norm solution z' = ATh = Yoy "ibvi. We
remark that for a compact linear operator T, there exists an analogous decomposition
to SVD, called the singular value expansion (SVE). Using the SVE of T', we can also
give a similar expression of z! for the linear operator equation; see, e.g., [19, Chap.
15.4].

For large-scale matrix A, the LSQR algorithm is an efficient iterative approach
for the LS problems mingegn || Az —b||2. This algorithm is based on the GKB process,
where the main computations are matrix-vector products involving A and AT. At
the kth step, the GKB process of A and b generates two groups of 2-orthogonal
vectors, which form orthonormal bases of the Krylov subspaces Kpi1(AAT,b) and
Kr(AT A, ATb), respectively. Meanwhile, it reduces A to a (k + 1) x k lower bidi-
agonal matrix, which is then used in the LSQR algorithm to iteratively compute an
approximate solution. Besides, the GKB process is often used as a precursor for
computing a partial SVD of a large-scale matrix.

To summarize this section, we remark that the LS problem, Moore—Penrose pseu-
doinverse, SVD, GKB process, and LSQR algorithm are all closely related. Each of
them plays an important role in matrix computation problems, from providing theo-
retical analysis tools to enhancing the efficiency of numerical computations. Clearer
relationships among these concepts are illustrated in Figure 4.1 at the end of section 4.
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3. Generalized linear least squares and weighted pseudoinverse. First,
we present a result that characterizes the solutions of the GLS problem, which allows
us to reformulate the GLS problem as an equivalent operator-type LS problem. We
then provide a new interpretation of the weighted pseudoinverse and establish several
of its basic properties.

3.1. Generalized linear least squares. In the following part, we use ||z||¢ to
denote the seminorm (2" Cz)'/? for a symmetric positive semidefinite C. Tt becomes
a norm when C' is strictly positive definite. The following result provides a criterion
for determining a solution of the GLS problem.

THEOREM 3.1. For the GLS problem

(3.1) min ||z||o such that ||Az —b|p =min,
zER™
where A € R™*" agnd P € R™*™_ Q € R™ ™ are symmetric positive semidefinite
matrices, let G=ATPA+ Q. The following properties hold:
(1) If x is a solution of (3.1), then Prg)x is also a solution; conversely, if v €
R(G) is a solution, then x + z is a solution for any z € N(G).
(2) The vector x € R™ is a solution of (3.1) if and only if
(3.2) ATP(Az —b) =0,
' rTGz=0 Vz2eN(ATPA).

Proof. First note that G is symmetric positive semidefinite. Thus, any vector
x € R™ has the decomposition * = Pr(g)z + Par(g)® =: 21 + 22 and z; L x2, where L
is the orthogonal relation in Euclidean spaces. Using the relation N'(G) = N (AT PA)N
N(Q), we can verify that

[A(z1 + 22) = bl|p = [|Az1 = bl[p, |71+ 22]l@ = [|71]lq-

The first property immediately follows.

To prove the second property, suppose x is a solution to (3.1). Then it is a solution
to the problem min,, || Az — b||p. Taking the gradient of it leads to AT P(Az —b) = 0.
Now Pr (e is a solution to (3.1). Note that

(3.3) 2" Gz = (Prcyr) G(G'Gz) = (Pric)2) ' G(Pr(c)?):

and (R(G), (-,")¢) is a Hilbert space with inner product (z,z')g := 2" Gz'. We only
need to prove Pr(q)z Lg Pr(c)(N(ATPA)), where L¢ is the orthogonal relation
in (R(G),(-,")c). Since Pr(c)(N(ATPA)) is a closed subspace of (R(G),{-,")q),
we have the decomposition Pr(g)z = Z1 + T2 such that Z; € Pr(g)(N(ATPA))
and T Lo Pr(e)(N(ATPA)). We only need to prove Z; = 0. First we prove
Pr(c)(N(ATPA)) CN(ATPA). To see it, for any z € R™ we use the decomposition
z = z+2 such that z; € N(G) and 23 € N(G)* = R(G), which indicates Pr(g)z = 22.
Thus, if 2 € N(ATPA), then ATPAz = ATPAz — ATPAz = ATPAz = 0 since
21 EN(G) CN(ATPA).

Notice that z; € N (AT PA), which leads to || A(Z1 +Z2) —b||p = || AZ2 — b|| p. This
indicates that Zs is a solution to ming ||Ax — b||p. Since

Ty Qi =1 (ATPA+ Q) = &g Gy =0,
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we have
1Pri@yzld = 121115 + 225 Q1 + | Z2]13 = 121115 + 122115 > 122115

Specifically, if the second relation of (3.2) is not satisfied, which means Z; # 0, it must
hold that ||Z1]|¢ > 0, which can be proved as follows. If ||Z1]|¢ =0, then Z; € N(Q).
Combining this with Z; € Pr(c)(N(ATPA)) € N(ATPA), it must hold that 7; €
N(Q)NN(ATPA) = N(G). Using the relation Z; € R(G) and N (G)NR(G) = {0}, we
obtain z; = 0. Therefore, if Z; # 0, then [|Z2]|q < [[Pr(@)zllq = |z]l@, contradicting
that z is a solution.

Now we prove that (3.2) is a sufficient condition. Since (3.1) has at least one
solution in R(G), by the first property, we only need to prove that there is only one
solution in R(G) that satisfies (3.2). The existence has already been proved. To see
the uniqueness, suppose x1 and x5 are two such solutions. Then it must hold that z; =
zo + 2z with 2 € N(ATPA). From 1,25 € R(G) and 21,22 Le Pr(e)(N(ATPA)) we
obtain z € R(G) and z L Pr(a)(N (AT PA)). Combining this with z € V(AT PA)
leads to z € Pr(g)(N(ATPA)). Therefore, we have z L z, leading to z = 0. This
proves the uniqueness of the solution in R(G) that satisfies (3.2). a

From Theorem 3.1 and its proof, we have the following result.

COROLLARY 3.2. There exists a unique solution of (3.1) in R(G), which is the
minimum 2-norm solution of (3.1). Denoting this solution by ', the set of all the
solutions of (3.1) is 2T + N(G).

Therefore, in order to solve (3.1), a key step is to seek the solution zf in R(G).
To investigate the property of f, we introduce the following linear operator:

(34) A: (R(G)’<’>G)_>(R(P)a<a>P)v UHPR(P)A%

where v and Av are column vectors under the canonical bases of R® and R™. It is
obvious that A is a bounded linear operator. Let

A" (R(P), () p) = (R(G), (@), usr Alu

be the adjoint operator of A, which is defined by the relation (Av,u)p = (A*u,v)s
for any v € (R(G), (-,-)¢) and u € (R(P),(-,-)p). The following result describes the
effect of A on a vector under the canonical bases.

LEMMA 3.3. Under the canonical bases of R™ and R™, for any u € (R(P),{-,")p),
it holds that

(3.5) A'u=GTAT Pu.
Proof. Under the canonical bases, it holds that
(Av,u)p = (A*u,v)¢ & (Prip)Av) Pu=v'G(A*u).
Since v € R(G), we have Pr(g)v =v and
(Pr(pyAv) ' P = (Pr(pyAPr(c)v) ' P =0 Pr(c)yAT Pr(pyP =v Pr(a)ATP.
Thus, we have

UT’PR(G)ATPu =v' G(A*u) & UT(PR(G)ATPU —G(A*u))=0
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for any v € R(G). Noticing that Pr(g) A" Pu — G(A*u) € R(G), it follows that
Pr(c)AT Pu=G(A*u). This equality can also be written as

GG'ATPu=G(A*u) = G'GGTAT Pu=G'G(A*v) & GTAT Pu=Pr) (A u).
Since A*u € R(G), we immediately obtain A*u=GTAT Pu. O

Now we can reformulate the minimum 2-norm solution of (3.1) as the solution of
the following equivalent operator-type LS problem.

THEOREM 3.4. Let X := (R(G),{:,")q) and Y := (R(P),(-,-Yp). The minimum
Il - || -norm solution of the LS problem

(3.6) mit [ Av —Pr(p)blly

is the unique solution of (3.1) in R(G).

Proof. First note that (3.6) has a unique || - || x-norm solution. In fact, v is such
a solution if and only if

57 {A*(Av — Prpyb) =0,

vJ_X N(.A),

where 1 y is the orthogonal relation in the Hilbert space X. We only need to prove
the equivalence between (3.2) and (3.7) for x € R(G). For notational consistency,
here we uniformly use v instead of . The proof includes the following two steps.

Step 1: Prove AT P(Av —b) =0 < A*(Av — Pr(pyb) = 0 for any v € R(G). By
Lemma 3.3, we have

A*(Av — Pr(p)b) = GTAT P(Pr(p)Av — Prpyb) = GTAT P(Av —b).

Thus, the “=" relation is obvious. To get the “<” relation, suppose GTAT P(Av—b):
=GTu=0. Let the Cholesky factorization of P be P= L} Lp. Then

weN(G) = N(G) = N(ATPA) NN(Q) = N(LpA) NN(Q) SN (LpA),

since G is symmetric and N (AT PA) = N (LpA). On the other hand, we have u =
ATP(Av—b) e R((LpA)T) = N(LpA)*. Therefore, u € N(LpA)NN(LpA)*+ = {0},
leading to w = 0. This proves the “<” relation.

Step 2: Prove v Lg Pr(g)(N(ATPA)) < v Ly N(A) for any v € R(G). Since v is
a vector under the canonical basis, we only need to prove Pr(g)(N (AT PA)) =N (A).
Note that N (A) = {v € R(G) : Pr(p)Av = 0}. In the proof of Theorem 3.1 we
have already shown that Pr(g)(N(ATPA)) = R(G) NN (ATPA). Thus, for any
v € Pr(c)(N(ATPA)), we have

ATPAv=0 = LpAv=0 = PgpAv=P'L,LpAv=0.

This implies that v € N'(A), and then Pr(q)(N (AT PA)) CN(A). To prove the “2”
relation, let v € N(A). Then v € R(G) and Av € N(P). It follows that AT PAv =0,
leading to v € R(G) N N(ATPA). This proves Pr(c)(N(ATPA)) 2 N(A). The
whole proof is then completed. 0

Theorem 3.4 enables us to study the GLS problem by applying the extensive
tools available for LS problems, thereby facilitating both analysis and computations.

Building on this theorem, we give a new interpretation of the weighted pseudoinverse
in the following subsection.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/04/25 to 128.250.0.36 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

NEW INTERPRETATION OF WEIGHTED PSEUDOINVERSE 941

3.2. Weighted pseudoinverse and its properties. In this subsection, we
come back to the GLS problem of the form (1.1). By setting P = M ™M and Q =
LT L, the two problems (1.1) and (3.1) are essentially the same. The following result
proposed in [8] gives the structure of a solution of the GLS problem.

THEOREM 3.5 (see [8]). For any A € R™*" M € R?*™ and L € RP*™ the
problem

(3.8) ng[l&rgl |ILz||2 such that || M(Az —b)|2 =min

has the general solution
(3.9) 2= (I, — (LPyxa)) L) (MA) Mb+ Praray(In — (LPx(ara)) ' LPa(ara)) 2

where z € R™ is arbitrary.

Remark 3.1. In (3.1), if we let P=MT"M and Q = LT L, then it is equivalent to
(3.8). In the remainder of the paper, we always treat (3.1) and (3.8) as two equivalent
formulations with P=M "M and Q=L L.

It is shown that N(MA) QN(L) = {PN(MA)(In . (L'PN(MA))TL'PN(MA))Z 1z €
R"}, and 2' := (I,, — (LPn(aa)) L) (MA)TMb is 2-orthogonal to N (MA) NN (L);
thereby it is the minimum 2-norm solution of (3.8). To describe the map that takes
b to z', define the matrix

(3.10) Alyp = (In = (LPx ) L) (MA)TM,

which is called the M, L-weighted pseudoinverse of A. Note that zf = ATM b, and
note from Theorem 3.4 that 2t = ATPR( pyb for any b € R™. We immediately have
the following result.

THEOREM 3.6. Following the notation in Theorems 3.5 and 3.4, under the canon-
ical bases of R™ and R™, it holds that

(3.11) Al = A Prp).

Theorem 3.6 establishes a connection between the weighted pseudoinverse and the
Moore-Penrose pseudoinverse. Specifically, if M has full column rank, then Prp) =
I, and AJIr\/[L is essentially the pseudoinverse A'. Using this new interpretation,
we derive the following “generalized” Moore—Penrose equations to characterize the
weighted pseudoinverse.

THEOREM 3.7. For the weighted pseudoinverse X := A}LV[L, the following general-
ized Moore—Penrose equations hold:

XAX =X,
MAXA=MA,

(3.12) (MTMAX)T = MTMAX,
(GXAGHT = XA,
XMIM=X.

Moreover, A}LWL s the unique solution of the above matriz equations.
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Proof. Using (3.11) and Prep) = PN(P)J_ = PN(M)J. = MTM, the fifth identity
immediately follows. We use the identities (2.4) to prove the first four identities. Since
At AAT = A, for any u € R™ under the canonical basis, it holds that

Al pu= AP pyu= AT AA PR pyu = ATPr py AAL, pu = Al AAT,

which implies the first identity. Notice that PrpyAPpr(a)v = PTPA’P/\/(G)’U =0 due
to N(G) € N(ATPA), implying that Pr(pyAv = Pr(p)APr(c)v for any v € R™
Therefore, it holds that

PR(P)AU = APR(G)’U = AATAPR(G)U
= PR(P)AATPR(P) APR(G)U = 'PR(p)AA}LWLA’U.

This implies MTMA = MTM AA}LVI 1A, leading to the second identity. For the third
identity, use the relation

<.AAT7’R(P)U, Prpyt')p = (Pr(p)yu, (.A.AT)*PR(p)u’>p
for any u,u’ € R™, which is equivalent to
T
('PR(P)AA}LWLU) PPR(P)U/ = (PR(p)u)TP(AAT)*PR(p)u'
T
&l (44],,) Pu =" PAAAY) Prepy

It follows that P(AA")*Prpyu’ = (AA}LWL)TPu’ for any «' € R™. Using the fourth
identity of (2.4), which implies (AA")* = AAT, we have

T I t r_ T T /
PAAL, 0 = PAA Py’ = (AAL,,) PU,

leading to (AAR[L)TMTM = M—'—ZMAALL7 which is just the third identity. For the
fourth identity, use the relation

(ATAPR ()0, Pric)V) e = (Pr(c)v, (ATA)* Pricyv)
for any v,v’ € R™, which is equivalent to
T
(A]ILV[LA'PR(G)’U) GPR(G)U/ = ('PR(G)U)TG(.ATA)*PR(G)’U,
& v (Al A) TGV =0T GATA) Pray,

where we have used Pr(p)APr(c)v = Pr(p)Av. It follows that G(ATA)*Prcv’ =
(A1, A)TGY for any v/ € R". Using the third identity of (2.4), which implies
(ATA)* = AT A, we have

" T
GAY,, AV = GATAPR )0 = (AMLA) G,
leading to A%, Av' = GTGAL,, Av' = GT(Al,, A)TGY'. Thus, it holds that Al 6 A=
GT (ALLA)TG, which is the fourth identity.

To show that X is unique, first we prove that if X satisfies the first four identities,
then X must satisfy

(3.13) PreX =X.
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Using the first and fourth identities, we get
G'GX =GTGXAX =GTG(GTATXTG)X =GTATXTGX = XAX = X.

Suppose Y is another matrix satisfying equations (3.12); then Y also satisfies (3.13).
Note that the fifth identity implies X = XPgpy =X PTP. It follows that

X =(XA)X = (GXPr(pmAGT) " X = (Pr(pmAGH) XTGX

e (7372(19)APR(G)YAGT)T XTGX = (G'ATY "Prc)) AT (XPr(p) ' GX

@y AGTATXTGX =YA(XA)X = YAX = YAY AX = (Y P' P)AY AX

=YPI(PAY)TAX =YPI'YTATPAX =Y (X TATPAY PT)T
—Y(PAXAYPHT =y (PAY PHT & YPrpyAY =Y AY =Y,

where for D we use (3.13) and Pr(pyA = Pr(p)AY A due to the second identity, for

«@ we use GTATYTPR(G) =Y AG" due to the fourth identity, and for @ we use
(PAYPHT = Pr(p)AY due to the third identity. This proves the uniqueness of X. O

In [8], the author presented four identities similar to the Moore—Penrose equations
of the pseudoinverse. The first three of them are identical to the first three listed in
(3.12), while the fourth identity is (LT LXA)T = LTLXA. However, it remains an
open problem whether the weighted pseudoinverse is uniquely determined by these
four equations. In contrast, equations (3.12) completely characterize the weighted
pseudoinverse. The first four identities correspond to the Moore—Penrose equations
of a matrix, while the last identity describes an additional constraint on Ajw 5, arising
from M. Specifically, the fifth identity is trivial when M has full column rank.

The weighted pseudoinverse satisfies the following limit property.

THEOREM 3.8. Following the notation in Theorems 3.5 and 3.6, let G = AT PA+
Q. It holds that

(3.14) lim (ATPA+6G)TATP=AT,,.

Proof. First we show that for any § > 0, under the canonical bases of R™ and R™,
it holds for any u € R(P) that

(3.15) (A*A+61) " A*u=(ATPA+6G)TAT Pu.

Notice that N (AT PA+6G) = N (AT PA)NN(G) = N (G), which leads to R((AT PA+
§G)1) =R(ATPA+6G) = R(G). Thus, we have (AT PA+6G) AT Pue (R(G), (-, ")a),
and we only need to prove (A*A+01)(ATPA+ §G)TAT Pu= A*u. By Lemma 3.3,
we have

(A*A+0I)(ATPA+G)TAT Pu= (GTAT PPr(pyA+61,) (ATPA+6G) AT Pu
=(GTATPA+61,) (ATPA+6G) AT Pu=:w,
and A*u= GTAT Pu. Therefore, we only need to show that w is the minimum 2-norm
solution of min, ||Gx — AT Pul|y, which is equivalent to showing that w € N(G)* =

R(G) and GTGw=GT AT Pu. Since R(G') =R(G) and R((ATPA+6G)") =R(G),
it follows that w € R(G). Also, using G =G " we have
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G'Gw=GG (G'ATPA+41,) (ATPA+5G)TAT Pu
=G(ATPA+0G)(ATPA+6G)TAT Pu
=GPr(aTpatsc)A' Pu
=GPr)AT Pu=GT AT Pu.

This proves (3.15).
By (3.15), for any b€ R™, it holds that

(A*A+0I) " A*Prpyb= (AT PA+6G) AT PPr(pb= (AT PA+0G) AT P,
which indicates that (A*A+61) "' A*Pr(py = (AT PA+6G)T AT P under the canonical
bases. Using Theorem 3.6 and (2.5), we obtain

(ATPA + 5G)TATP = < (A* A+ 5])1./4*) PR(p) = ATPR(p) = A}LWL.

lim lim
INO PAN)
This completes the proof. 0

In [8, Theorem 2.4], the author gave a similar limit property,

(3.16) (ATPA+46Q)FATP=A1,,,

lim
N0
but did not include a proof. Notice that AT PA + 6G = (1 + §)(ATPA + %Q).
Therefore, (3.14) and (3.16) are equivalent.

In many scenarios, researchers are more interested in (3.8) with M = I,,,. In this
case, we have A;;, = A", which means that the I, L-weighted pseudoinverse of A is
nothing but the pseudoinverse of the linear operator A. Moreover, it has a direct
relation with the GSVD of the matrix pair {A, L}. Let us review the GSVD proposed
in [27].

THEOREM 3.9 (GSVD). Let A € R™*™ and L € RP*™. There exist orthogonal
matrices Uy € R™*™  Up € RP*P and invertible matriz X € R"*"™, such that the
GSVD of {A,L} has the form

(3.17a) A=UpS4 XY L=U3 X1,
with
_ Ca 0 _ St 0

(317b) EA(T‘ n—r>m’ EL(’I" n—r)p
and
(3.17¢)

I, 0

C Q1 s p—r+aq
Ca= © 0 ) , Sp= o I q2 ;
_ — q3
q1 92 g3 moaTe q1 Q2 q3 e

where q1 + a2+ g3 =r =rank((AT,LT)T) and CJCa + S} Sp. =1...

In [8], the author shows that if A'(A) NA(L) = {0}, then A}, = XS UT. In the
following result, we give a similar expression for A; 1, which is applicable regardless
of whether N(A) NN(L) ={0} or not.
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THEOREM 3.10. For any two matrices A € R™*™ and L € RP*™ with the GSVD
as described in Theorem 3.9, let G=ATA+ LT L. Then

(3.18) Al =Pre XL UJ.

Proof. First we prove that x := XELUZ() is a solution of (3.8). We only need to
verify that the two conditions in (3.2) are satisfied. Since AX =UxX 4, we have

AT(Az —b)=X"Ts] UL (UAZAZQU;{b - b) —x T (ZZZAEL - 2}) Ulb=0,

since we can easily verify that ZZEAEL = E:';. For the second condition in (3.2), if
we partition X as

(3.19) X:(X1 X2 Xy X4r>n

g 42 43 N —

we can verify that N(AT A) = N(A) = R((X3 X4)). On the other hand, it holds that
x € R(XZL) and

(3.20) Xsh=(X1 Xo X3)Ch=(X1 XC.' 0),

which means that z € R((X; X2)). Notice that

_ -1 ({CaCa S.SL 1 _ T (I -1
G=X (( o)+ o)) X =x o) X7

leading to X 'GX = (= ;). Thus, R(X4) = N(G) and the columns of (X; X; X3)
are mutually G-orthonormal. It follows that "Gz = 0 for any z € N(ATA) =
R((X5 X.).

Note that Prgyz = ’PR(G)XELUXZ) € R(G), which is the minimum 2-norm
solution of (3.8) for an arbitrary b € R". We immediately obtain (3.18). d

This theorem provides a direct computational approach for A} ;, using the GSVD.
However, if the matrices are very large, computing the GSVD is extremely expensive.
In this case, we need an iterative approach to approximate A}LVI b for any given b.

4. Tterative method for computing weighted pseudoinverse. By Theorem
3.5 and (3.10), computing A}LV[Lb is equivalent to computing the minimum 2-norm
solution of the GLS problem (3.1). We aim to approximate the solution of the GLS
problem through an iterative process. The starting point comes from Theorem 3.4.
To solve the LS problem (3.6), we apply the GKB process to the operator A between
the two Hilbert spaces X and Y; see [4] for the GKB for LS problems in Hilbert
spaces. Starting from the initial vector Prpyb, the recursive relations of GKB can
be expressed as follows:

Brur = Pr(p)b,
(4.1) vy = A*u; — Bivi—1,

Bix1tit1 = Av; — oquy,

where u; € Y and v; € X, and a; and §; are positive scalars such that |v;||lx =
luilly = 1. Note that v := 0 for the initial step. We remark that it is assumed that
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Pr(p)b # 0; otherwise, the case is trivial because A;r\/[Lb = 0. Using Lemma 3.3, we
present the matrix form of the above recursive relations:

Bruy = PP,
(42) a;V; = GTATPUi - ﬂﬂ)i_l,
ﬂi+1ui+1 = PPTA"UZ — QUG

Note that if G =I,, and P = I,,,, then the above recursive relations correspond to the
standard GKB process of the matrix A. We name the iterative process corresponding
to (4.2) the generalized Golub—Kahan bidiagonalization (gGKB). Before giving the
practical computation procedure, let us explore how to further reduce the computa-
tional cost. In fact, computations involving P' can be avoided, as demonstrated by
the following result.

LEMMA 4.1. For the recursive relations

Bity =D,
(4.3) ;0 = GTAT Pu; — Bivi_,

Bix1tip1 = AV — oy,

where Uy := 0 and the values of «; and B; are the same as in (4.2), it follows that
v; =0; and u; = PPTq,.

Proof. We prove it by mathematical induction. For i = 1, we have $; PP, =
PPty = Bruy, implying u; = PPT4;. Note that 9o = vg and Puy = PPP i, = Piy.
It follows that ajv; = a101, meaning v; = ¥;. Now assume v; = v; and u; = PPTy,
for i > 1. Then

PPTA’UZ' — QU5 :PPTA’Z}Z — OézPPT’l’ll :PPT(A@Z - ai’&i) :ﬁi+1PPTai+l.

Thus, we have S 1uir1 = Bip1 PP, 1, meaning u; 11 = PPYa,;,,. Similar to the
proof for i =1, using Pu;y, = PPP%i; 1 = P11, we can also prove v = ¥j41. [

Using the above result, we can simplify the computation if we only need to gen-
erate v; but not u;. At the initial step, we have

B1=||PPb||p=[(PP'D)" PPPTb]Y/2 = (b7 Pb)'/2.

At the ith step, to compute 1, let 7; = Av; —ayii;. Then we have B u;y 1 = PPTr;.
Thus, it follows that

1/2
Bi1 =[PPl = [(PPTr:) " PPPr] P (TP
Now we can give the whole iterative procedure of the gGKB process, as shown in
Algorithm 4.1.

Note that at each iteration of gGKB we need to compute G5. For large-scale
matrices, it is generally impractical to obtain G directly. If G is sparse and pos-
itive definite, we can first apply the sparse Cholesky factorization to G and then
compute GT. Otherwise, using the fact that Gt is the minimum 2-norm solution of
mingegn |Gs — §||2, we can apply the iterative solver LSQR to mingegn ||Gs — 5|2 to
approximate GT5 [28].
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Algorithm 4.1. Generalized Golub-Kahan bidiagonalization (gGKB).
Input: AcR™*" PcR™*™ QeR"™ ™ beR™

1: Form G = ATPA+Q
2: Compute £ = (b" Pb)Y/?, @y = b/
3: Compute 5= AT Pu;, s=G'5
4: g = (sTGs)2?, vy =s/y
5: for i=1,2,...,k, do
6: r= Av; — a;l;
7
8
9
10

Biy1=(r"Pr)2 Gy =1/Bip
§=A"Puy1, s=G's— Biy1v;
Q41 = (STGS)l/Q, Vi+1 = S/Ozi_;,_l
: end for
Output: {azvﬁz i= 17 {quz}l 1 > Uu; :]DPT’[NJ,2

We remark that in [20] the author generalized the GKB process for computing
nontrivial GSVD components of {A, L}. Here the proposed gGKB process is used to
iteratively solve the GLS problem and is more versatile, as it can handle cases where
P is noninvertible.

The following result describes the subspaces generated by gGKB.

PROPOSITION 4.2. The gGKB process generates vectors v; € R(G) and u; € R(P),
and {v;}¥_, is a G-orthonormal basis of the Krylov subspace
(4.4) Ki(GTATPA,GTAT Pb) =span{(GTAT PA)'GTAT Pb}i—},
and {u;}¥_, is a P-orthonormal basis of the Krylov subspace

(4.5) Ki(PPTAGTAT P,PP'b) = PPtspan{(AGTAT P)'b}}—}

Proof. The proof is based on the property of GKB for linear compact operators.
As demonstrated above, the gGKB of A is essentially the GKB of A between the
two Hilbert spaces X and ). Therefore, the generated vectors satisfy v; € R(G) and
u; € R(P), and {v;}¥_, and {u;}¥_, are G- and P-orthonormal bases of the Krylov
subspaces Ky (A*A, A Pr(p)b) and K (AA*, Prp)b), respectively. By Lemma 3.3,

we have
(A*A) A" Prpyb= (GTATPPPTA)'GTAT PPPb = (GTAT PA)'GTAT Pb
and
(AA") Prpyb = (PPTAGTAT P)'PPb=PPT(AGTAT P)'b

The desired result immediately follows. ]

Using (4.3), one can also verify that span{i;}*_ | = Kx(AGTAT P,b). Since the
dimensions of X and Y are rg =rank(G) and rp = rank(P), respectively, by Propo-
sition 4.2 the gGKB process will eventually terminate in at most min{rqg,rp} steps.
Here “terminate” means that «; or §; equals zero at the current step, thereby the
Krylov subspaces cannot expand any longer. The “terminate step” can be defined as

(4.6) ks = min{k : agy10k+1 = 0}.
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Suppose gGKB does not terminate before the kth iteration, i.e., a;3; #0 for 1 <i < k.
Then the k-step gGKB process generates a G-orthonormal matrix Vi, = (vy,...,v5) €
R™** and a P-orthonormal matrix Uy = (u1,...,ux) € R™*¥ which satisfy the rela-
tions

B1Uk41e1 = PPTb,
(4.7) PPTAV}, = Uy 11 By,
GTATPUkJrl = VkBl? + ak+1vk+1e;+1,

where e; and ey are the first and (k + 1)th columns of Iy, and

aq
B2 g

(4.8) By = By c R+ xk

ag
Brt1

has full column rank. Note that it may happens that Sx41 = 0, which means that
gGKB terminates just at the kth step and ugy; =0.

Based on gGKB, we can design an iterative approach for solving (3.6), which will
also solve (3.1). Note that under the canonical bases, we can rewrite (3.6) as

(4.9) min_||PPTA— PPTb|p.
z€R(G)

From k& = 1 onwards, we seek an approximate solution to (4.9) in the subspace
span{V}.}. By letting x = V,y with y € R¥, we obtain from (4.7) that

min_||[PPTAz — PPb|p = min |PPYAViy — B1Uk4re1]|
yeR®

zespan{V;}

= min ||Ug41(Bry — Bie1)||p = min || Byy — Biei |2,
yERF yeRF
where we have used that {u;} are P-orthonormal. Note that

argmin || Byy — Brea |2 = B) Brer = yi
y€ERK
since By has full column rank. Therefore, at the kth iteration, the iterative approxi-
mation to (4.9) is given by

(4.10) T = Viyr = VkB;15161-

The above approach is very similar to the LSQR algorithm for the standard
LS problem [28]. Moreover, the bidiagonal structure of By enables the design of a
recursive procedure to update xy step by step, without explicitly computing B};Blel
at each iteration. This procedure is based on the Givens QR factorization of By; see
[28, section 4.1] for details. Note that u; is not required for computing xy, so there is
no need to compute PPT in gGKB. We summarize the iterative algorithm for solving
(4.9) in Algorithm 4.2, which is named the generalized LSQR (gLSQR) algorithm.

As the iteration proceeds, the kth solution xj gradually approximates the true
solution of (4.9), and consequently of (3.1). We now state this property precisely.
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Algorithm 4.2. Generalized LSQR (gLSQR).

Input: AcR™*" PcR™*™ QeR"™ ™ beR™
1: (Initialization)
2: Compute 11 =b, ajv; =GTAT Py
3: Set xg =0, wy =v1, ¢1 = P1, p1 =1
4: for i=1,2,... until convergence, do
5: (Applying the gGKB process)
6: Big1lir1 = Av; — oyl
7.
8

@i1vi41 = GTAT Pty — Big1v;
: (Applying the Givens QR factorization to By)
9 pi=(p}+ )
10: ci = pi/ pi
1: 5= Biv1/pi

12: Oiv1=si0iq1
13: Pit1 = —CiQiy1
4: ¢i=ciy

15: Pir1 = 5i0;

16: (Updating the solution)

17: ;i =xi—1 + (¢i/ pi)wi

18 wip1 =vip1 — (Oiy1/pi)wi

19: end for

Output: Approximate minimum 2-norm solution of (3.1): x

THEOREM 4.3. Suppose the gGKB process terminates at step ki. Then xy, ob-
tained by gLSQR is the exact minimum 2-norm solution of (3.1).

Proof. Since zy, € span{Vy} C R(G), by Theorem 3.1, we only need to verify that

x, satisfies the two conditions in (3.2).

Step 1: Prove AT P(Axy, —b) = 0. By writing z, as xx, = Vi, yx,, we obtain from
(4.7) that

P(Azy, — b) = PPr(p)(Azk, — b) = PUk 41 (B, y — Bre1).
Using (4.7) again, we get

GTAT P(Azy, — b) = GTAT PUy, 1 (Br, yx, — Bre1)
= (Vie, B, + c, 41V +1€4041) (Br Yk, — Bre1)
= Vi, (BthBk,,yk,, - 3;5161) + akt+1ﬁkt+1vkt+1€;ykt
= Oy 1Bk +1 0k, 161, Ykt

:0,

since ak,+108k,+1 =0 and B;:Bktykt = B;—tﬁlel due to yx, = argmin,, | B,y — Bre1])z-
Note that xp, € R(G). Using the same approach as in the proof (Step 1) of
Theorem 3.4, we obtain AT P(Axy, —b) =0.

Step 2: Prove x; Gz = 0 for any z € N (AT PA). By Proposition 4.2, we have
rr, € R(Vi,) C R(GTATP). Let 2, = GTAT Pw. Then for any z € N(ATPA) we
have

kat Gz=(G'ATPw)"Gz=w"PAG'Gx.
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Recall that Pr(q)(NV(ATPA)) CN(ATPA) =N(LpA), which has been proved in the
proof of Theorem 3.1. Thus, PAGTGz = L;—LPAPR(G)Z =0, leading to x;Gz =0.0

An iterative algorithm should include a stopping criterion to decide whether the
current iteration can be stopped to obtain a solution with acceptable approximation
accuracy. Notice from Theorem 3.4 that A*(Azy — Pr(p)b) =: A*ry would be zero at
the iteration where the accurate solution is computed. The scaling invariant quantity

| A*r¢llc/ (I AllIPr(p)ybllp) can be used to measure the accuracy of the iterative solu-
[l Av]l P

tion, where || A is the operator norm defined as || A := max.er(o) ‘" Thus, we
can use e
A7l
(4.11) — =" <tol
Al Prp)bllp

as a stopping criterion for gLSQR. We note that (4.11) is analogous to the stopping
criterion of LSQR for the standard LS problem min,, || Az — b2, which is expressed as

e
m < tol; see [28, section 6]. To ensure computational practicality, we discuss

how to compute the quantities in (4.11). It is obvious that ||Prpb||p = (b7 Pb)'/2.
Using Lemma 3.3 and the procedure in the proof of Theorem 4.3, we get

)

|A*rk]lc = |GTAT PPr(p)(Azi = )l = || Cths1 Betrvrsren Uk || o = Qhr1 Bt en vi

where we have used ||v;||¢g = 1. Therefore, ||A*rg|l¢ can be computed quickly with
very little additional cost.

To obtain an accurate estimate of ||.Al|, here we consider the GLS problem (3.8)
with M = I,,, for simplicity. Note that any GLS problem can be reduced to this form
by substituting A <~ M A and b + Mb. We give a matrix expression for ||A|| using
the GSVD of {4, L}.

PROPOSITION 4.4. Suppose the GSVD of {A,L} has the form (3.17). Then we
have

(412) ||A|| :Jmax(CA)a
which is the largest singular value of Cy.
Proof. Using the expression of A4 under the canonical bases, we have

[l AV 2 v AT Ay
Al = max = max ————.
veR(G) ||U||G ver(@) v Gu
V0 v#£0

In the GSVD of {A, L}, we use the partition of X as described in (3.19) and denote
X1 = (X1 X3 X3). In the proof of Theorem 3.10 we have shown that N(G) = R(X4).
Now we show R(G) = Pr(e)R(X1). We only need to show dim(Pr¢R(X1)) =
r = rank(G), which is equivalent to PR(G))NQ having full column rank. Suppose
PR(G))N(lw =0 for aweR". Then z:= Xjw € N(G). Thus, we have 0 = 2 Gz =
w! X GX w=w"w, leading to w=0 and z = 0. This proves that PR(G))E has full
column rank. B
For any v € R(G), write v = Pr(g) X1y with y € R". Then we have

v Gu=y' X GGTGGGI X1y =y " X GX1y =]y,
and

Av = AP X1y = AX1y — APrcy X1y = AX1y = UaCay,
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where we have used N'(G) C N(A). It follows that v AT Av = ||[UaCayll2 = ||Cayll2-
Therefore, we obtain

|Caylla

Al = max === = [[Call2 = Omax(Ca)-
R Tyl
The proof is completed. ]

Notice that C'4 is a diagonal matrix (not necessarily square). Thus, opax(Ca) is
the maximum value of the diagonals of C'4. For a regular matrix pair {A, L}, i.e., G
is nonsingular, several iterative algorithms exist that can rapidly compute the largest
generalized singular values of {A, L} [18, 36], thereby providing an accurate estimate
of ||A||. For a nonregular {A, L}, the method proposed in [20] can accomplish the
same task.

To the best of our knowledge, gLSQR is the first iterative method designed to
solve (3.8) and, consequently, to approximate A}LVI b for any given b € R™. A direct
method for computing A),; is proposed in [8], which relies on the QR factorization
and requires a basis for AN'(L). This limits its applicability to large-scale problems.
In contrast, gLSQR does not require any matrix factorizations. Instead, the main
computational bottleneck is the need to approximate G's at each iteration. As will
be shown in the experiments, the final accuracy of A}LW b is influenced by the accuracy
for approximating G's.

At the end of this section, we present a diagram in Figure 4.1 to summarize the
main ideas and findings of this paper. It illustrates how various concepts related to
the LS problem and pseudoinverse have been generalized. Our results reveal the close
connections between the GLS problem, weighted pseudoinverse, GSVD, and gLSQR.
These insights improve theoretical understanding and offer tools for developing more
effective computational methods for related applications.

LS problem GLS problem
min||z||2 s.t. || Az—b||2=min min|| Lz ||2 s.t. || M(Az—b)||2=min

H ! i |
i ! ' 1
' ' i '
I I ! generalize ! I I ,
: ! i !
! i ! 1
! | ! |
; ' : !
: : 5 :

Theory Algorithm Theory o Algorithm
»7 e H 27 w
MPE SVD - GKB » LSQR eMPE GSVD - 2¢GKB » gLSQR

Fic. 4.1. The generalization of several concepts is illustrated as follows: PI and MPE stand
for the Moore—Penrose pseudoinverse and Moore—Penrose equations, respectively. WPI and gMPE
refer to the weighted pseudoinverse and generalized Moore—Penrose equations, respectively.

5. Numerical experiments. We use several numerical examples to demon-
strate the performance of gLSQR for solving GLS problems. All the experiments are
performed in MATLAB R2023b using double precision. We note that much of the
existing literature on GLS problems is lacking in numerical results, partly because
constructing nontrivial test problems, especially for large-scale matrices, is challeng-
ing. Based on Theorem 3.1, we construct a test GLS problem using the following
steps:

(1) Choose two matrices A € R™*™ and L € RP*", where m < n. Compute

G=ATA+L"L.
(2) Construct a vector w € R(G). Compute a matrix B with columns that form
a basis for N(A). The true solution is constructed as

(5.1) z'=w—B(B'GB) !B Guw.
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(3) Choose a vector z € R(A)*. Let the right-hand side vector be b= AxT + 2.
Note that (5.1) ensures that x' satisfies (3.2). According to Theorem 3.1, x' is the
unique minimum 2-norm solution of (3.8) with M = I,,. For large-scale matrices,
computing (5.1) can be very challenging. Therefore, in our experiments, we only test
small- and medium-sized problems.

Ezperiment 1. The matrix A € R2324x4486  pnamed Ip_bnl2, comes from linear

programming problems and is sourced from the SuiteSparse Matrix Collection [7].
The matrix L = L is defined as the scaled discretization of the first-order differential
operator:

L= .. .. ER(H_DX".
1 -1

In this setup, G is positive definite. We construct w € R™ by evaluating the function
f(t) =t on a uniform grid over the interval [0,1], i.e., w(k) = % for k=1,...,n.
To obtain the vector z, we compute the projection of the random vector randn(m, 1)
onto R(A)*L. In this experiment, we directly compute G5 at each iteration of gGKB
to simulate the exact computation.

The computational results obtained by gLSQR are displayed in Figures 5.1 and 5.2.
For the residual norm, we use the directly computed quantity, i.e., the left-hand side
of (4.11), as the true value and ay18k+1leg Yrl/(Tmax(Ca)|bl2) for its estimation.

—a— ||z — 2|2/ |22 ——residual norm
—o—estimation
_ 10t 1
: ]
= 108 =]
e S
(7]
o ®
-10 L
2 °>’ 10
© =
T 0 ©
o 10 ]
o 10—12,
10712 1014
0 50 100 150
Iteration Iteration

(a) (b)

F1G. 5.1. Convergence history of gLSQR for the GLS problem with matrices {lp-bnl2, Li}: (a)
relative error of iterative solutions; (b) directly computed relative residual norm and its estimation.

— True solution
08l |~ — ~Computed solution

0 L L L L L L L L
0 500 1000 1500 2000 2500 3000 3500 4000 4500

F1G. 5.2. True and computed solutions of the GLS problem with matrices {Ip-bnl2, L1}.
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These two quantities should be the same if all computations are performed accurately.
This can be observed from Figure 5.1(b), where the value gradually decreases at a
very low level. The relative error curve shows that z is gradually approximated by
x1. We plot the curve corresponding to xj at the final iteration alongside z', which
shows that the two solutions match very closely.

Experiment 2. The matrix A € R%334X7742 named TF15 arising from linear pro-

gramming problems is taken from [7]. The matrix L = Ly is defined as the scaled
discretization of the second-order differential operator:
-1 2 -1
Ly= .. .. . GR(n72)><n.
-1 2 -1

In this set, G is positive definite. We construct w € R™ by evaluating the function

f(t) =3 — 1% on a uniform grid over the interval [—1,1], i.e., w(k) = (2(::11) —1)3 -
(% —1)% for k =1,...,n. In this experiment, we directly compute G'5 at each

iteration of gGKB to simulate the exact computation.

The computational results obtained with gLSQR are presented in Figures 5.3
and 5.4, which are very similar to the first experiment. The results demonstrate the
effectiveness of gLSQR in iteratively solving the GLS problem.

Experiment 3. The matrix A € R3700%8291 named ch and originating from linear

programming problems, is taken from [7]. Here, L is set as L = Ly. In this set, G

ik
—e— estimation

10710
107"

10712

Relative error

10710

Relative residual

10713

I I I I I I I I I 101 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Iteration Iteration

(a) (b)

101t
0

F1G. 5.3. Convergence history of gLSQR for the GLS problem with matrices {TF15, Lo}: (a)
relative error of iterative solutions; (b) directly computed relative residual norm and its estimation.

18} |—True solution
el DT -Computed solution

0 1000 2000 3000 4000 5000 6000 7000 8000

F1c. 5.4. True and computed solutions of the GLS problem with matrices {TF15, La}.
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——tol =10"12

ks tol = 1010 2
10 8
——tol =10
105F '

Relative error
Ve
o

— True solution
— — -Computed solution

-3
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

0 5 10 15 20 25 30 35 40 45 50
Iteration

(a) (b)

Fi1G. 5.5. Computed results of the GLS problem with matrices {ch, L1} by gLSQR, where at each
iteration we use LSQR to approzimate s = GT5 by solving ming ||G's — 5||2 with different stopping
tolerance value 7: (a) relative error of iterative solutions with different T; (b) true and computed
solutions with T =10"8,

is positive definite. We construct w € R™ by evaluating the function f(¢) = sin(5¢t) —
2cos(t) on a uniform grid over the interval [—m, 7], i.e., w(k) = sin(% — 5m) —
2cos(% —m) fork=1,...,n.

We use this example to examine how the inaccurate computation of s = G5 affects
the numerical behavior of gLSQR. At each iteration, we approximately compute s =
G5 using the MATLAB built-in function 1sqr.m to iteratively solve ming ||Gs — 5||a.
The stopping tolerance value 7 for 1sqr.m is set to three different values. From
Figure 5.5(a), we observe that the value of 7 significantly impacts the final accuracy
of xj, with the accuracy being approximately on the order of O(7). We suspect that
the final accuracy may be influenced by both the value of 7 and the condition number
of GG. This should be explored further in future work.

Although constructing a very large-scale test example is difficult, we note that
the main computational bottleneck of gLSQR is the computation of GT5. If a sparse
Cholesky factorization of G is available, it can be computed using a direct solver.
Otherwise, an iterative solver such as LSQR or conjugate gradient (CG) is the only
option. In this case, employing an effective preconditioner is crucial to accelerate
the convergence for solving ming ||G's — §||2. Future work will involve constructing
more large-scale test problems to evaluate the algorithm and exploring additional
theoretical and computational aspects to enhance the performance of gLSQR.

6. Conclusion. In this paper, we provide a new interpretation of the weighted
pseudoinverse arising from the GLS problem min |[|Lz||o such that |M(Ax — b)||2 =
min. By introducing the operator A : X = (R(G),{-,")a¢) = (R(P),{-,")p), v —
Pr(p)Av with P = MTM and G = ATPA+LT L, we have shown that the minimum 2-
norm solution of the GLS problem is the minimum X’-norm solution of the LS problem
mingey || Az —Prp)b||p. Consequently, the weighted pseudoinverse A}Lw 1, is shown to
be equivalent to ATPR( p) under the canonical bases. With this new interpretation of
A}LV[ 1» we have derived a set of generalized Moore-Penrose equations that completely
characterize the weighted pseudoinverse, and provided a closed-form expression for
A} ;, using the GSVD of {4, L}. We have generalized the GKB process and proposed
the gLSQR algorithm for iteratively computing AL ;b for any given b € R™, which
allows us to compute the minimum 2-norm solution of the GLS problem. Several
numerical examples have been used to test the gLSQR algorithm, demonstrating that
it can compute the solution of a GLS problem with satisfactory accuracy.
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The results in this paper suggest that the closely related concepts—GLS, weighted
pseudoinverse, GSVD, gGKB, and gLSQR—are appropriate generalizations of the
classical concepts LS, pseudoinverse, SVD, GKB, and LSQR. This provides new tools
for both analysis and computation of related applications.
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