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Abstract. The generalized singular value decomposition (GSVD) of a matrix pair {A, L} with
A € R™*"™ and L € RP*™ generalizes the singular value decomposition (SVD) of a single matrix.
In this paper, we provide a new understanding of GSVD from the viewpoint of SVD, based on
which we propose a new iterative method for computing nontrivial GSVD components of a large-
scale matrix pair. By introducing two linear operators A and £ induced by {A, L} between two
finite-dimensional Hilbert spaces and applying the theory of singular value expansion (SVE) for
linear compact operators, we show that the GSVD of {A, L} is nothing but the SVEs of A and
L. This result characterizes completely the structure of GSVD for any matrix pair with the same
number of columns. As a direct application of this result, we generalize the standard Golub-Kahan
bidiagonalization (GKB) that is a basic routine for large-scale SVD computation such that the
resulting generalized GKB (gGKB) process can be used to approximate nontrivial extreme GSVD
components of {A, L}, which is named the gGKB_GSVD algorithm. We use the GSVD of {A, L}
to study several basic properties of gGKB and also provide preliminary results about convergence
and accuracy of gGKB_GSVD for GSVD computation. Numerical experiments are presented to
demonstrate the effectiveness of this method.
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1. Introduction. The generalized singular value decomposition (GSVD) of a
matrix pair is an extension of the singular value decomposition (SVD) of a single
matrix. First introduced by Van Loan [54] and further developed by many others
[43, 51, 55], now the GSVD has become a standard matrix decomposition [8, 20]. The
GSVD provides an important mathematical tool for analyzing relationships between
two sets of variables or matrices, which is particularly useful in various applications,
including signal processing [39, 50], statistics [41, 45], computational biology [1], and
many others [7, 18, 24, 29, 31].

Let I denote the identity matrix of order & and O denote the zero matrix or
vector with dimensions clarified by the context. For any two matrices with the same
number of columns, the general-form GSVD is stated as follows [43].

THEOREM 1.1 (GSVD). Let A€ R™" and L € RPX"™ with rank((AT,LT)T)=r.
Then the GSVD of {A,L} is
(1.1a) A=P,CaX™ ', L=P, S X!

with

(1.1b)
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and
Iq, T 0 p—Tr+q
(1 1C) ZA == C{]Q q2 5 EL - Sq2 q2
' 0/ m—q —q Iy, q3
91 492 Q3 q1 Q2 q3

where ¢ + q2 +q3 =1, and Py € R™*™ Py € RP*P are orthogonal, X € R" ™ g
invertible, and EXZA—FEIZL = I,.. The values of q1, g2, and q3 are defined internally
by the matrices A and L.

If r =n, then {A, L} is called a regular matrix pair. Discussions about GSVD
for regular and nonregular matrix pairs can be found in [37, 51] and [40, 43, 52],
respectively. Write Cy, = diag(cq,41,---,Cq4q,) With 1 > cq 41 > -+ > €gy49, > 0
and Sy, = diag(sq,+1,--sSq+qs) With 0 < sg 41 <+ < Sg4q <1. Let ¢ = -+ =
chp =1, Coi4qer1 = - =c¢ =0,and s1 = -+ =84, =0, Sqi4go41 = - =8 = L.
Write X = (21,...,2n), PaA=(Da1,---,Dam), and P, = (pr1,...,0L,p). We call the
tuple (¢4, 84,%4,PA,i,PL,i) the ith nontrivial GSVD components, and the ith largest
generalized singular value is v; := ¢;/s; satisfying ¢? + s? =1, where 1 <i <. In this
paper, we consider the nontrivial GSVD components and their computations.

Despite its remarkable capabilities, computing the GSVD poses significant chal-
lenges. Early computational approaches for the GSVD were built upon adaptations
of algorithms designed for the SVD; for small-scale matrices, there are several such
numerical algorithms for full GSVD computation [5, 42, 55]. Recent developments on
stable computation of the CS decomposition (CSD) [53] provide another alternative
for small-scale GSVD computation. For large and sparse problems, obtaining the
full GSVD may not be feasible, yet it is often necessary to compute only a subset of
GSVD components relevant to practical applications. Typically, this refers to certain
extreme GSVD components, which are those with the largest or smallest correspond-
ing generalized singular values, or interior GSVD components, which are those whose
corresponding desired generalized singular values are closest to a specified target.

For large-scale GSVD computation, the first step is usually transforming it as an
equivalent generalized eigendecomposition (GED) problem [4] or CSD problem. The
joint bidiagonalization (JBD) method proposed by Zha [56] can be used to compute
a few extreme GSVD components, which is essentially an indirect procedure for CSD
of the Q-factor of a regular {A, L} (i.e., the Q matrix in the QR factorization). This
method relies on a JBD process that iteratively reduces {4, L} to bidiagonal forms
simultaneously. Jia and Li [27, 28] made a detailed analysis of the numerical behavior
of the JBD method and the convergence behavior for extreme GSVD components
in finite precision arithmetic. They proposed the semiorthogonalization strategy and
designed a partial reorthogonalization procedure to maintain regular convergence of
the computed approximate GSVD components. Subsequently, Li [34] analyzed the
influence of computational errors resulting from inaccurate inner iterations in JBD
on the convergence and final accuracy of computed GSVD components and proposed
a modified version of the JBD method. Recently, Alvarruiz, Campos, and Roman [2]
developed a thick restart technique for JBD to compute a partial GSVD, enabling the
storage and computation cost to be further saved. On the other hand, the Jacobi-
Davidson type algorithms [23] are capable of computing a few interior GSVD com-
ponents. A representative work is the Jacobi-Davidson GSVD (JDGSVD) method
proposed by Hochstenbach [22], which formulates the GSVD of a regular {4, L} as
a GED problem of an augmented symmetric matrix pair. This method is further
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analyzed and developed in several subsequent works; see, e.g., [25, 26, 47]. As a re-
sult of the development of contour integration techniques for eigenvalue problems of
finding interior eigenvalues [46, 49], recently a contour integral-based algorithm has
been adopted for interior GSVD components computation [38].

Apart from regarding the GSVD as an equivalent CSD or GED, there is very lit-
tle work on understanding and analyzing GSVD from other perspectives. In [10], the
authors studied the GSVD using a variational formulation analogous to that of the
SVD, providing a new understanding of the generalized singular vectors. Recently, by
treating (AT, LT)T (more precisely, the range space of it) as a point in the real Grass-
mann manifold Gr(m+p, r)—the manifold composed of all r-dimensional subspaces of
R™*P—the authors in [15] interpreted a modified form of GSVD as a coordinate rep-
resentation of (AT, LT)T. For developing practical GSVD algorithms, however, these
new perspectives on GSVD are not enough. It would be beneficial to understand the
GSVD from the viewpoint of SVD so that many existing algorithms for large-scale
SVD can be adapted for large-scale GSVD computation. One well-known result is
that {v;} are the singular values of AL if L has full column rank [56], where “{” is the
Moore—Penrose pseudoinverse. But when L does not have full column rank, generally
the GSVD of {4, L} is not related to the SVD of ALT; this issue becomes much more
complicated for nonregular matrix pairs. In [21], the authors proposed a method to
compute the leading GSVD components of {A, L} by considering an equivalent SVD
problem, but the method requires that L is a banded matrix with full row rank and
a weighted pseudoinverse [16] should be computed, which is extremely difficult for
general matrix pairs.

In this paper, we provide a new understanding of GSVD from the viewpoint of
SVD. This new perspective relies on the theory of singular value expansion (SVE) for
linear compact operators [17, section 2.2], which is essentially the SVD if the compact
operator is a matrix between two Euclidean spaces. Denote by R(-) and N (+) the range
space and null space of a matrix, respectively. By defining the positive semidefinite
matrix M = ATA + LT L, we first investigate the structure of trivial and nontrivial
GSVD components z;, showing that those trivial {z;} form a basis for N (M) and any
nontrivial x; belongs to the coset ; + N (M), where Z; € R(M) is a nontrivial GSVD
component. Then we consider the nontrivial z; € R(M) and other corresponding
GSVD components. By introducing a linear operator A induced by {4, L} between
two finite-dimensional Hilbert spaces, where a non-Euclidean inner product is used,
we show that the SVE of A is just the nontrivial GSVD components of A, i.e., the
first decomposition in (1.1a). Similarly, we introduce a linear operator £ induced by
{A,L} and show that the SVE of £ is just the nontrivial GSVD components of L.
This result reveals that the nontrivial part of the GVSD of {A, L} is nothing but the
SVEs of the two linear operators induced by {A, L}. Combined with the trivial GSVD
components {z;}, it completely characterizes the structure of GSVD for any matrix
pair with the same number of columns.

As a direct application of the above result, we propose a new iterative method
for computing several extreme nontrivial GSVD components of {4, L}. This iter-
ative method is a natural extension of the Golub-Kahan bidiagonalization (GKB)
method for large-scale SVD computation [19], which iteratively reduces a matrix to
a bidiagonal form by a Lanczos-type iterative process. There are several variants
and extensions for the standard GKB of a single matrix, which are proposed to solve
large-scale generalized least squares problems [3, 6], saddle point problems [14], or
regularization of inverse problems [11, 12, 33, 35, 36]; most of them are named the
generalized Golub—Kahan bidiagonalization (gGKB) while some have other different

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/20/25 to 128.250.0.36 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

442 HAIBO LI

names. As a natural analogy of the standard GKB for SVD computation, we develop
an operator-type GKB for linear operators A and £ to approximate their SVE com-
ponents, which is also named the gGKB process. We derive matrix-form recursive
relations for this operator-type GKB so that it can be used in practical computa-
tions. Moreover, this approach offers a unified and general treatment for extending
the standard GKB, which can be used to derive nearly all of the aforementioned
gGKB processes.

Using the GSVD of {A, L}, we study several basic properties of the proposed
gGKB process. Due to the correspondence of GSVD and SVE, the gGKB method
can approximate well the extreme nontrivial GSVD components of {4, L}, resulting
in the gGKB_GSVD algorithm. We derive a relative residual norm and its sharp up-
per bound for the computed nontrivial GSVD components, which is a good measure
of the approximating accuracy and can be used in a stopping criterion for practi-
cal computations. Several preliminary results about the convergence and accuracy
of gGKB_GSVD in exact arithmetic are provided, showing the effectiveness of this
method. An advantage of gGKB_GSVD is that it can efficiently compute the extreme
nontrivial GSVD components of a large-scale matrix pair, regardless of whether the
pair is regular, whereas most existing methods require the matrix pair to be regular.

The paper is organized as follows. In section 2, we review several basic properties
of the GSVD. In section 3, we introduce two linear operators induced by {A,L} to
characterize the structure of GSVD by their SVEs. In section 4 we propose the new
gGKB process and study its basic properties. In section 5, we propose the gGKB_GSVD
algorithm for computing nontrivial GSVD components. Numerical experiments are
presented in section 6, and concluding remarks follow in section 7.

2. GSVD, SVD, and Golub—Kahan bidiagonalization. We review several
basic properties of the GSVD of {A, L} presented in Theorem 1.1. The nontrivial
generalized singular values of {A, L} in descending order are

(2.1) 00,...,00, Cqi41/Sqi+1s--+3Cq1+qs/Sq1+qss 0s---,0.

q1 q2 g3

We remark that the three numbers q1, g2, g3 are uniquely determined by the properties
of {A, L}, and some of them may be zero in certain instances. The nontrivial GSVD
components are linked by the vector-form relations

Az =cipai,
(2.2) Lx; = s;pr i,
siATpai=ciLpr,

for 1 <i <r. For those trivial GSVD components, it holds that
(2.3) Al‘l =0, Lx; = 0, ATpA,i =0, LTpL,i =0

for r+1<r <n. Let Pg be the projection operator onto a subspace S. The following
result describes the structure of trivial and nontrivial GSVD components {xz;}.

PROPOSITION 2.1. Let M = AT A+ LT L and partition X as (Xl Xy ) Then
r n-—r

R(X2) =N(M). Moreover, let

(2.4) X:(Xl XQ), XlZ(,PR(M)l‘l,...,'PR(M)l‘T).
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Then it holds that
(2.5) A=P,CaX', L=P, S X'

Proof. 1t is clear that N (M) =N(A) NN (L), and using the GSVD of {4, L}, it
is easy to obtain that N'(A) NN (L) =R(X2). Thus, we have R(X2) =N (M). Using
the relation that Pr(ar)zi = x; — Par(aryzi, for 1 <i <r we have

APr(my i = Az — APy (any®i = Axi,  LPrayxi = La; — LPn (@i = L.
Using the above two relations, it is easy to verify (2.5). |

Since dim(N'(M)) =n —r = rank({x;};-, ), it follows that {z;}}", , forms a
basis for (M ). Proposition 2.1 also indicates that for any x; with 1 <i <7, Pr);
is also an ith generalized singular vector of {A, L}. Therefore, any nontrivial z; can
be decomposed into two components, one being Pr(ar)x; € R(M) and the other being
an arbitrary vector in N (M), which means that any nontrivial x; belongs to the coset
Z; + N(M), where Z; € R(M) is the ith nontrivial GSVD component. In particular,
we can focus on those nontrivial z; in R(M ), which results in the new form of GSVD
(2.5). In the subsequent part, we always consider this form of GSVD by requiring

(2.6) x; €ER(M) for 1<i<r.

There exists a direct relationship between the SVD and GSVD for a matrix pair
with a special property. If L has full column rank, it follows from (1.1) that r =n
and ¢; =0, leading to

(27) ALY = PACAX M (PLSL)X 1 = PACAX ' X(PpSL)T = Pa(CaS)H P/,

where we have used the property that (MlMg)T = Mg MlT if M4 has full column rank
and M, has full row rank. Therefore, the SVD of AL' is PA(C’ASz)P; with the
singular values being {;}7 .

For the above case, one can compute the SVD of AL' to get the GSVD com-
ponents.! For a large-scale matrix, the GKB process is a basic routine for comput-
ing a few extreme SVD components. At each iteration, it reduces the matrix to a
lower-order bidiagonal matrix and generates two Krylov subspaces. The Rayleigh—
Ritz procedure is then exploited to approximate extreme SVD components using the
bidiagonal matrix and Krylov subspaces [4].

In the following part of the paper, we characterize the GSVD from the viewpoint
of SVD for any matrix pair with the same number of columns. Then we generalize
the GKB process so that it can be used to compute extreme GSVD components.

3. Characterizing GSVD by singular value expansion of linear opera-
tors. We first discuss linear operators between two finite-dimensional Hilbert spaces.
Then we study the GSVD of {A, L} using the SVE of linear operators. Note that
subsection 3.1 is quite general without requiring M = ATA+ LT L.

3.1. Linear operator induced by matrices. Suppose G € R™*™ is symmetric
positive definite. It is obvious that (u,u)g :=u' Gu’ defines an inner product on R™
such that (R™, (-,-)¢) is an m-dimensional Hilbert space. On the other hand, for any
symmetric positive semidefinite matrix M € R™*" with rank(M) = r, the bilinear
form (v,v')ps := v Mv' is not a well-defined inner product on R™ if » < n. In this
case, we consider the inner product on the subspace R(M).

1For numerical computations, it is not recommended to explicitly form AL due to its numerical
instability, especially when L is close to column rank-deficient.
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LEMMA 3.1. The bilinear form {(v,v')ar := v Mv' for any v,v' € R(M) is an
inner product, and (R(M),{(-,-Yar) is an r-dimensional Hilbert space.

Proof. The statement dim(R(M)) = rank(M) is a basic property. We need to
show that (-,-)ps is indeed an inner product, i.e., it is a symmetric and positive
bilinear form on R(M) x R(M). We only need to prove the positiveness. To see it,
let v € R(M) such that (v,v)p = v’ Mv = 0. It follows that v € N (M). Note that
R(M)NN(M)={0} since M is symmetric, which leads to v=0. O

Given a matrix A € R™*" define the linear map
(31) A(R(M)v<v>M)_>(Rmv<v>G)v U'—)AU,

where v and Av are column vectors under the canonical bases of R™ and R™. Let W, €
R™*" and Z € R™*™ be two matrices whose columns constitute orthonormal bases of
(R(M), {-,-)ar) and (R™, (-,-)c), respectively, i.e., W,] MW, = I, and ZTGZ = I,,,.
Then we have the commutative diagram:

(R(M), (-, ) ar) —2 (R™, (-, "))

52 o T

where [A] denotes the matrix representation of .4 under bases W, and Z, and 7; and
o are two linear maps:

(3.3) 1t (R, (4 )9) = (ROM), (- Yne)y @ Wi,
(34) m2 - (Rm7<'7'>2)_>(Rmv<'v'>G)v yHZy-

Note that 7; and 72 are two isomorphism maps such that (R(M), (-,-)ar) = (R", (-, -)2)
and (R™, (-,-}q) = (R™,(-,-)2). Since A is a bounded linear operator, we can define
its adjoint

(3.5) A (R™ (- )a) = (R(M), (-, ), u— A*u
by the relation
(3.6) (Av,uyg = (A"u,v) umr

for any v € (R(M), (-,-)ar) and v € (R™, (-,-)). We have the following corresponding
commutative diagram:

(3.7) w| i

where [A*] is the matrix representation of A* under bases W, and Z. The following
result gives the matrix-forms of [A] and [A*].

LEMMA 3.2. The matriz representations of A and A* under bases W, and Z are

(3.8) (Al =Z71AW,, [A*|=W,ATGZ.
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Proof. By the commutative diagram (3.2), we have Ao (z) = meo[A](x) for any
x € R", which is equivalent to AW, x = Z[A]z. Thus, we have AW, = Z[A], leading
to [A] = Z71AW,. Similarly, by the commutative diagram (3.7), we have

Atom(y) =mo[A(y) & A Zy=W,[Ay
for any y € R™, which leads to
(3.9) A*Z =W,.[A].

From the definition of A*, we have (Ao (x),m2(y))a = (m1(x), A* oma(y)) s for any
x €R" and y € R™, which can also be written as

(AW, 2)"GZy=W,z) "M(A*Zy) < =" WATGZy=2"W,MA*Zy.
Thus, we have
(3.10) W/ATGZ=WMAZ.
Combining (3.9) and (3.10) and using W,” MW, = I,., we finally obtain
(A =W, MW, [A* =W MA* Z=W,ATGZ.
The proof is completed. 0

The following result will be used throughout the paper.

LEMMA 3.3. If R(W,) = R(M) and W, MW, = I, then the Moore—Penrose
pseudoinverse of M can be expressed as MT =W, W,".

Proof. Let M =W, W,T. We only need to verify the following four identities:

MMM =M, (MM)"=MNM,
MMM=M, (MM)" =MM.
The third identity is the easiest to verify: MMM =W, W, MW, W, =W, W,] = M.
Suppose the compact-form eigenvalue decomposition of M is M = P, A, P.| with A, =
diag(A1,...,Ar), where Ay >--- > X, >0 and P, € R"*" with 2-orthonormal columns.
Since R(W,.) =R(M) =R(F,), there exists D € R"*" such that W, = P,.D. It follows
that I, = WTTMWT = DT A, D. Therefore, it follows that MMM = MPTDDTP:M =
PTATDDTATPTT = PTATPTT =M, since A,DD" =DTA,D=1I,. Similarly, we have
MM = P.A.P'P.DD" P =P,A,DD"P] =P,P] =(MM)",
MM =P,DD"P'M=P,DD" AP =P.P" =(MM)".

Now all the four identities have been verified. 0

3.2. Characterizing GSVD by singular value expansion. In this subsec-
tion, we consider the simpler case that G = I,,,, since it has direct connections with
the GSVD of a matrix pair. For notational simplicity, let X = (R(M),{-,-)ar) and
Y=(R™,(-,-)2). For the linear compact operator

(3.11) A:X =Y, v—Av

between the two Hilbert spaces X and ), where v and Av are column vectors un-
der the canonical bases of R™ and R™, it has the SVE with finite terms; see, e.g.,
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[30, section 15.4]. Here we use the terminology “SVE” instead of “SVD” to distinguish
it from the SVD of a matrix. The theory of SVE for A states that there exist positive
scalars oy > -+ > 04 >0, two orthonormal systems {f;}&; C X and {h;}¢_; C Y such
that

(312) Afzzgzh“ A*h,:U,f“
and any v € X has the expansion
d
(3.13) U:UO+Z<U7fi>Mfi
i=1
with some v € ker(A), and
d

(3.14) AU:ZUi<U7fi>JV[hi7

i=1

where d = dim(im(.A)). Here we use ker(-) and im(-) to denote the kernel and image
of a linear operator, respectively, to distinguish them from the null space N'(-) and
range space R(-) of a matrix.

The following result provides more details about the SVE of A.

THEOREM 3.4. For any A € R™*"™ and symmetric positive semidefinite matriz
M e R™™™ with rank r, define the linear operator A as (3.11). Then there exist an
M -orthonormal matriz F € R"*", a 2-orthonormal matrix H € R™*™  and a diagonal
matriz X € R™*" such that for any ve€ X and u € ), it holds that

(3.15) Av=HYF " Mv, A'u=FY Hu

under the canonical bases of R™ and R™.

Proof. Let X = span{f;}&,. We first prove X = ker(A) ® X;. Noticing (3.13),
we only need to prove ker(A)NA; ={0}. Let v= 2?21 pjfi € ker(A)NX;. By (3.14),
it follows that 0 = Av = Z?Zl o;uihg, leading to o;u; =0 for 1 <4 <d. Since o; >0,
we have p; =0 for 1 <i<d, and thereby v =0. Then we prove ker(A) L s X7, where
1L 5 is the orthogonal relation in X. For any v € ker(A) and any f;, by (3.12) we have
fi=o, L A*h;, and thereby

(v, fidr = (0,07 VA ) i = (Av, 7 P hi)e = (0,05 M hy)o = 0.

Note dim(X;) = d. Therefore, we can find r — d M-orthonormal vectors in ker(.A)
that are M-orthogonal to each f;. Denote these vectors by {f4t1,...,fr}. Then
{fi}i_, constitute a complete orthonormal basis for X. From (3.14) we have im(A) =
span{h;}¢_, =: V;. Using the relation ker(A*) =im(.A)+ = Vi-, where the orthogonal-
ity is taken in (R™,(-,-)2), there exist m — d 2-orthonormal {hg41,...,Am} C ker(A*)
such that {h;}7 constitute a complete orthonormal basis for ).

Therefore, for any v € X, it can be written as v=">_._, (v, fi)a fi, and thereby

s

Av=> (v, fi)mAfi = _oi(v, fi)arhi,

i=1 i=1

where we define 0qy1 = --- = 0 = 0. Similarly, for any v € ) with the expansion
w=Y"""_ (u, hi)ahi, it holds that
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m T

A*’U, = Z(U, hz>1\/[.,4*hZ == ZO’KU, hz>2fz

i=1 i=1

Let the matrices F = (f1,..., fr), H=(h1,...,hyn), and S = (¥ ;) € R™*" with 5 =
diag(oy,...,04). Then (3.15) is just the matrix-form of the above two identities. 0O

One can verify that (3.12)—(3.14) can be derived from (3.15). Therefore, the two
relations in (3.15) describe completely the SVE of A. In the following part, we use
the notation

(3.16) A~HYFT

to denote the SVE of A. From the proof of Theorem 3.4, we have the following basic
relations for the four important subspaces:

(3.17a) ker(A) =span{fi}/_4,;,  im(A)=span{h;}’,,

(3.17b) ker(A*) =span{h;}7 1, im(A*)=span{f;}’,.

From the theory of SVE for linear compact operators, if the multiplicity of o; is 1, then
the corresponding f; and h; are uniquely determined (at most differing by a sign). If
the multiplicity of o; is m; > 1, then there are m,; corresponding linearly independent
{fi} and {h;}, respectively, which are M-orthonormal and 2-orthonormal.

Based on Theorem 3.4, now we can use the SVE of A to characterize the GSVD
of {A,L}. Remember that we consider that z; € R(M) for 1 <i<r.

THEOREM 3.5. Let the GSVD of {A,L} be (1.1) and let A be defined as (3.11)
with M =AT A+ LT L. Partition Py and X as

PA:<PA1 Py Pas )m7 X:(X1 Xy X3 X4)n

(3.18)
q1 g2 M —q1—q2 g1 g2 g3 N —T

and let X1 = (X1 Xy X3). Then the SVE of A has the form
(3.19) A~ PaSa X

and it holds that

(3.20a) ker(A) =R(X3), im(A) =R((Pa1 Pa2)),
(3.20b) ker(A*) =R(Pas), im(A*) =R((X1 X2)).

Proof. Using the GSVD of {A, L}, we have

ATA+LTL=x"T ((EZZA 0) + (EIEL O)) X T=xT (I’” 0) Xt

which leads to rank(M) =r and
I, el (~ ) X MX, X[ MX,
( 0) (XI ) M) kT mg Xy ux,
Therefore, we have )?fM)?l = I,.. Note that R()?l) C R(M). Tt follows that X, is

an M-orthonormal basis of (R(M),(:,-)a), and thereby we obtain from Lemma 3.3
that M= X; X|". Notice from (1.1) that

A(X1 X4)=Ps(34 0)= AX| = Py 4.
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Thus, we have AMT = AX, X[ = P4X4X] . For any v € (R(M), (-,-) ), it holds that
AU:APR(M)U:AMTMU:PAZA}ZIMU.

Using the commutative diagram (3.7) and noticing G = Z = I,,, for the current case,
we have for any u € (R™,(-,-)2) that

(321)  A'u=mo[A)(u) =X, (X]ANu=MATu=(AMN"u= X2} Piu,

where we have used [A*] = X[ AT by Lemma 3.2. This proves that the SVE of A has
the form PAEAXlT.

From the SVE of A we have dim(im(A)) = g1 + ¢2. Using the relations (3.17), it
follows that im(A) = R((Pa1 Paz)). Since P4 is a 2-orthogonal matrix, we then have
ker(A*) = R(Pa3). The other two relations can also be verified easily. |

Corresponding to Theorem 3.5, we have the following result.

THEOREM 3.6. Define L as
(3.22) L:(R(M),(-,)m)— (RP,(-,-)2), v Lo,

where v and Lv are column vectors under the canonical bases of R™ and RP. Partition
Py, as

P = Pry Pro PL3) D,

(3.23)
P—4q2—4q43 Q2 qs3

Then the SVE of L has the form
(3.24) L~PYp X,
and it holds that

(3.25&) ker(ﬂ) = R(Xl), 1m(£) = R((PLQ PL3)),
(3.25b) ker(£*) =R(Pp1), im(£*) = R((X2 X3)).

Proposition 2.1 together with Theorems 3.5 and 3.6 characterizes completely the
GSVD of {A, L} based on the SVEs of linear operators A and L. Particularly, they
show that the nontrivial part X is the common right SVE components of A and L,
while P4 and Pp, are the left SVE components of A and L, respectively. Moreover,
the relations (3.20) and (3.25) use the image spaces and kernel spaces of A, A* and
L, L* to describe the structure of each GSVD blocks and give a new explanation of
the three numbers ¢1, g2, and g3 in (1.1).

Based on the SVE characterization of GSVD, we can expect to modify those
algorithms for large-scale SVD computation for large-scale GSVD computation. To
compute nontrivial extreme GSVD components, we generalize the standard GKB
process from the viewpoint of linear operators.

4. Generalizing the Golub—Kahan bidiagonalization. In this section, the
generalization of GKB is quite general without requiring M = ATA + LTL, and we
follow the notation and assumptions in subsection 3.1. For the linear operator in
(3.1), the iterative process of GKB can be described as follows; see [9] for discussions
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about GKB for linear compact operators. Choosing a nonzero vector b € (R™, (-, )g),
the basis recursive relations are

Prui =0,
(4-1) vy = A*u; — Bivi_1,
Bit1uiy1 = Av; — g,
where u; € (R™,(-,-)g) and v; € (R(M),(-,-)m), and a; and f3; are positive scalars
such that ||v;||ar = ||ui]l¢ = 1. Note that vy := 0 for the initial step.
For the purpose of practical computation, we need to derive a matrix-form ex-

pression of the recursive relations. Using the isomorphisms 7; and 7y, denote u; and
v; by u; = Zy; and v; = W,x; with y; € R™ and z; € R" for any 7 > 1. Then we have

A’Ui =Ao 7T1(1'i) =Ty O [A}.’EZ = ZZilAWTLCi = A’UZ',
A*u; = A" o mo(y;) =1 0 [Ayi = W, W,T ATGZy; = MTAT Gu;.
Therefore, the last two recursions in (4.1) can be written in the matrix-vector forms

{O{i’UZ‘ = MTATGUi - Bivi—la

(4.2)
5i+1ui+1 = Av; — a;u;.

Using (4.2), the GKB of A can proceed step by step. We name the above iterative
process the gGKB. The pseudocode of gGKB is shown in Algorithm 4.1.

Remark 4.1. If G is also positive semidefinite, define the linear operator A :
(R(M),{-,Ym) = (R(G), (-,")@) to be v+ Av. In this case, a similar gGKB process
can be obtained. A slight difference is that the initial vector should satisfy b € R(G).

For large-scale matrices, we cannot directly compute MT. In this case, using the
relation

(4.3) M5 =argmin || Ms — 3|2,
seR”

we can compute MT5 by iteratively solving the above least squares problems. If we
use gGKB to compute the GSVD of {A, L} (see section 5), which means G = I,,,, then
Mts=MTATy; is the minimum 2-norm solution to the least squares problem

() (6)

Algorithm 4.1. Generalized Golub—Kahan bidiagonalization.

Input: AcR™ " M eR™™ GcR™™ heR™
1: Initialize: let 81 = ||b||g, w1 =b/B1
Compute §=ATGuq, s=MT5
ay = ||sl|ar; vi =5/
fori=1,2,...,k, do
q= Av; — a;u;
Bit1 = llalla, wit1=q/Bit1
S§= ATG’U,Z'Jrl, s = MTE - ﬂH»lvi
Qiv1 = ||8]|ars Vi1 =8/ i
end for
Output: {ay, B:}1H}, {us, v}

(4.4) min

2
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Both (4.3) and (4.4) can be iteratively solved by using the LSQR algorithm [44]. If
(1) is sparse, then it is more efficient to compute M'5 by solving (4.4). For both
cases, gGKB has a nested inner-outer iteration structure.

If G =1, and M = I,, then gGKB becomes the standard GKB. If G = I,
and M is invertible, the gGKB is equivalent to the generalizations of GKB proposed
in [3, 11, 12, 33, 35] with different forms. The following result describes the basic
property of gGKB, very similar to that of the standard GKB.

PROPOSITION 4.1. For each v; generated by gGKB, it holds that v; € R(M). The
group of vectors {v; le is an M -orthonormal basis of the Krylov subspace

(4.5) Kr(MTATGA, MTATGb) = span{(MTATGA)' MTATGb}E =],
and {u;}%_, is a G-orthonormal basis of the Krylov subspace
(4.6) Kr(AMTATG,b) =span{(AMTATG)'b} -]

Proof. To get a better understanding of gGKB, we give two proofs.

The first proof. We prove v; € R(M) by mathematical induction. First note
R(MT) = R(M) for a symmetric M. For i =1, we have a; = MTATGu, € R(M).
Suppose v; € R(M) for ¢ > 1. From the recursion (4.2) we obtain

Q101 = MYATGu; — Bi1v; € R(M),

leading to v; 11 € R(M). To prove the second property, we exploit the theory about
the GKB of A : (R(M),{-,-yar) = (R™,(,-)¢) with starting vector b, which states
that {v;}*_, and {u;}¥_, are the M-orthonormal basis and G-orthonormal basis of
the two Krylov subspaces:

Ki(A*A, A*b) := span{(A*A) A*b} 4,
Krk(AA*,b) :=span{(AA") b}

respectively. For any u € R™ = m5(y) = Zy, from the commutative diagram (3.7) and
using Lemmas 3.2 and 3.3, we obtain

A'u=A* omy(y) =71 0 [A*|(y) =W, (W,] ATGZ)y= MTAT Gu.
Therefore, we have
(A* A A b= (MTATGAYMTATGb, (AA*)'b=(AMTATG)%.

The second proof. Using the coordinates of u; and v; under bases W, and Z, we
can write the last two relations in (4.1) as

aWex; = A" Zy; — BiWrai—1,  Biv1Zyit1 = AW,rx; — 0 Zy;,

Yvhere v; = Wyx; and u; = Zy;. Note that ZTGZ = I,,, implies Z=' = ZTG. Letting
b= Z~'b, multiplying from left the first and second relations by W, M and Z~!, and
using (3.10), we obtain

513/1 = Bla
(47) ;X = VVTTATG'ZyZ - ﬁil‘i,h
Biv1¥ir1 =2 GAW,x; — ;.
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Since GT = G, it follows that (4.7) is the standard GKB of matrix ZTGAW, with
starting vector b. Therefore, {z;}¥_, and {y;}X_, are 2-orthonormal bases of the two
Krylov subspaces

span{((ZTGAW,) " ZTGAW,)(ZTGAW,) b},
span{(ZT GAW,.(ZT GAW,) )b} L
respectively. Note that

W,(ZTGAW,) T ZTGAW,) (ZTGAW,) b
=W, (WSATGZZTGAW,)'W,) ATGZb=W,(W,] ATGAW,)'W,T AT Gb
= (W, W,SATGAYW,.W,"ATGb=(MTATGA)'MTATGb.

We have v; = W,x; € R(M) and obtain (4.5). Similarly, we can obtain (4.6). 0

It is easy to verify that (4.7) is equivalent to (4.1). Note from Lemma 3.2 that
[A*] = [A]T since Z=! = ZTG. Therefore, the matrix representations of A and A* are
ZTGAW, € R™*" and (ZTGAW,)T, respectively, which maps a coordinate vector
from R” to R™. In this sense, we can say that the recursive relation (4.7) is the
coordinate representation for the gGKB of A under bases W, and Z.

From the first proof of Proposition 4.1, we have s € R(M). Therefore, for each
i >1,if s = MTATGu; — Bivi_1 # 0, then oy = ||s||pr # 0. This indicates that
even if M is not positive definite, the gGKB does not terminate as long as s or
q = Av; — a;u; is nonzero. Here “terminate” means that «; or ; equals zero at the
current step. Suppose gGKB does not terminate before the kth iteration, i.e., o;3; #0
for 1 <4 < k. Then the k-step gGKB process generates an M-orthonormal matrix

Virr = (v1,...,0k41) € R™*(k+1) and a G-orthonormal matrix Uy41 = (u1,...,ups1) €
R™*(k+1) “gatisfying the relations

(4.8a) P1Ukt1e1 =0,

(4.8b) AVy =Up+1By,

(48C) MTATGUk+1 = VkBg + ak+1vk+1€;+1,

where e; and ej41 are the first and (k4 1)th columns of I;1, and
aq
B2 o
(4.9) By = B; - c R+ xk
ag
Bra1

has full column rank. Note that it may occur that Sxy; = 0, which means gGKB
terminates just at the kth step, and in this case vg41 = 0.

We emphasize that gGKB will eventually terminate in at most min{m,r} steps,
since the column rank of Uy or Vj cannot exceed min{m,r}. Using the GSVD of
{A, L}, we can give a detailed description of the “terminate step” of gGKB, defined as

(4.10) k: = min{k : ag410k+1 = 0}.

For any closed subspace G of a Hilbert space, denote by Pg the projection operator
onto G. We have the following result.
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THEOREM 4.2. Define the linear operator A as (3.11) with M = ATA+ LTL,
where the GSVD of {A,L} is as (1.1). Suppose there are l distinct positive ¢; in X4
with | subspaces G, ...,G; spanned by the corresponding pa ;. Then k= s, the number
of nonzero elements in {Pg,b, ..., Pg,b}.

The following lemma is needed to prove this theorem.

LEMMA 4.3. For any square matriz C' and a vector v, define the degree of v with
respect to C' as

dege(v) =min{k:3 p € Py s.t. p(C)v =0},
where Py, is the set of all polynomials with degrees not bigger than k. Then we have
(411) degAMTAT(b):degMTATA(MTATb):S.

Proof. First notice that degg(v) is nothing but the maximum rank of {C*v}r_
with respect to k > 0. By Theorem 3.5, we have AMTAT = AX,; X[ AT. Using
the relation AX; = PaY4, we have AMTAT = P,(X4X})P), which is the ei-
genvalue decomposition of AMTAT. Thus, the positive eigenvalues of AMTAT are
1,¢ 115+, €2 g, With the corresponding eigenvectors being the columns of (Pa; Pas),
and the corresponding eigenspaces are subspaces G, ..., G;. Denote the [ distinct posi-
tive eigenvalues by A1,...,A; and let G; be those matrices with 2-orthonormal columns
spanning G; for 1 <4 <[. Then we can write the eigenvalue decomposition of AMTAT
as AMTAT = 22:1 \G;G/, and we have Pg, = G;G/ . For each j >0, it follows that

! !
w; = (AMTATY b= (NGG[)b=> MNG:Gb,
i=1 i=1
since GG; are mutually 2-orthogonal. Without loss of generality, suppose the first s
elements in {Pg,b,...,Pg b} are nonzero and g; = Pg,b/||Pg,b|l2 # 0 for 1 <i < s.
Then {g;}?_, are mutually 2-orthogonal, and

2= Nai(g/b),
=1

wj =>_ Mgil|Pg,b
=1

since

9 0=(GiG{b)"b/||Pg,bll2 = |G blI3/[|G] bll2 = || Pg,b

2.

Thus, the rank of {wj}?:o is at most s, leading to deg 147 (b) < s. On the other
hand, for 1 <k <'s, by setting w; := gj(g;rb)7 we have (w; ..., wg) = (01,...,0s)Tk,
where

I VRPN W
1 Xy --- A Ter \ K

T = oo : ::(Tkz >.sk
DV k

Since A\; # A for 1 <i# j <k, the Vandermonde matrix T} is invertible, and thereby
T}, has full column rank. Therefore, the rank of {w;}¥_, is k for 1 <k < s, leading to
deg opst a7 (D) > s. This proves deg 4,147 (b) = s.
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To prove deg i 47 4(MTATH) = s, it is sufficient to show
rank ({(MTATA)jMTATb}fZO) =rank ({w; }?ZO)
for any k> 0. Notice that
(MTATAYMTATo=MTAT(AMTATY b= MTATw;
and
MTAT = X,(AX))" = XiZhPi = (X1 XoC4,)(Par Paz) "

Let w; = (MTATA)MTATb. It follows that rank ({w;}¥_y) < rank ({w;}4_,). To
prove the inverse inequality, suppose {w; }?:0 are linearly independent. We only need
to show {ﬁ)j}é?zo are linearly independent. If there exist real numbers ug,...,
such that Z?:oﬂjwj =0, then MTATWz = 0, where W = (wy,...,w;) has full
column rank and z = (pg,...,ux) . By the expression of MTAT it follows that
Wz e N(MTAT) = R(Pa3). On the other hand, from AMTAT = P4(X4%])Pf we
get Wze R(W) g R(AMTAT) = R((PAl PA2>). Since R((PAl PAQ))QR(PA;))) = {0}7
we obtain Wz = 0 = z = 0, meaning that {w; }?ZO are independent. This completes
the proof. ]

Proof of Theorem 4.2. Suppose gGKB terminates at the k;th step. By Proposition
4.1, the rank of {u;}* is k;, implying k; < degsnsi 47 (b) = s by Lemma 4.3. Then
we show k; > s. Notice from the relations (4.1) and (4.2) that

a1 vy = MTATb»

T 2 | a2
Qit1Bis1vip1 = MTAT Av; — (@2 + B21)vi — @iBivi—a
for 1 <i <k, where we have used

MTATA’UZ‘ = aiMTATui + ﬁiJrlMTAT’U,iJrl

= (U5 + Bivig1) + Biv1(Qip1vipr + Big1vs).
Therefore, it follows that

1

(MTATAW - (0‘22 + 51'2+1)Uz‘ - aiﬁivifl)
air1Biy1

Vi41 =

for 1 <4 < k;. Combining with v; = %MTATb, the above recursion leads to

a1

k
vkp1 =Y G(MTATAYMTATY, & =1/ 0B #0
i=0
for 1 <k < k;. Since 0 = ay, 418k, +1Vk,+1 is a linear combination of vy, and wvg,—;
with nonzero coefficients, the above identity implies that ay,+18k,+1Vk,+1 must be a
linear combination of {(MTAT Ay Mt ATb}¥ | with nonzero coefficients, and thereby
{(MTATA)'MTAT b} is linearly dependent. By Lemma 4.3, it follows that k; > s.
Finally, we obtain k; = s. 0

Just as the standard GKB can be employed to approximate extreme SVD com-
ponents, we will utilize gGKB to approximate nontrivial extreme GSVD components.
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5. GSVD computation by generalized Golub—Kahan bidiagonalization.
We first show that gGKB can be used to approximate the SVE components. Then
we use Theorems 3.5 and 3.6 to relate these approximations to the nontrivial GSVD
components.

5.1. Computing nontrivial GSVD components by gGKB. Suppose gGKB
does not terminate before the kth step. Then the compact-form SVD of By can be
written as

(5.1) By =Y, H], ©p=diag(o",....00"), o >...>0l >0,

where Y, = (yik),...,y,(f)) e REHDXE and Hy, = (hgk),...,h,(f)) € RE¥*F are two 2-
orthonormal matrices. The approximation to the SVE triplet (c¢;,pa,i,x;) of A is
defined as (¢ Ek),pff)l, _Ek)) (G(k) U +1y(k) th(k)). To measure the quality of this
approximation, we give the following result.

THEOREM 5.1. The approximate SVE triplet for A satisfies

(5.2a) Az — Ml =0,
(5.2b) A*ﬁ(:’)i - Egk)fgk) = ak+1vk+1e;—+1yz‘(k)

Proof. Note that Av = Av. The first relation can be verified using (4.8b):
Azl — gz(k)ﬁ(:’)i — AV — gy — U, (Bkh —g® (k)) 0

For the second relation, using (3.21), that is, A*u = MTATu, we obtain from (4.8¢c)
that
A* 1354 )l —Ek) (k) = MTATU H(k)V h(k)
(VkBk +ak+1vk+le;r+l) " ez(k)vkhz('k)
= V(B y® — W p{F)y 4 ak+1vk+1€11+1y§k)
= ak+lvk+lek+1y§ )
The proof is completed. O
Therefore, the triplet (¢; etk )7p54), Ek)) can be accepted as a satisfied SVE triplet

at the iteration where |ak+1vk+1ek +1yi )| is sufficiently small. Using the connection
between the SVE of A and the GSVD of {4,L} revealed by Theorem 3.5, the tu-
ple ( gk),’gk),pi‘l,’ik ) = (H(k (1-— (9516))2)1/2 U+ 1yZ th ) can be used as a
good approximation to a GSVD component. To further measure the quality of this
approximation, note from (2.2) that

(5.3) S?ATAxi = c,?LTin, 1<i<r.

This is a well-known basic relation for GSVD, which indicates that the nontrivial
generalized eigenvalues of the generalized eigenvalue problem AT Az = ALT Lz are
{#2}7_, and the corresponding generalized eigenvectors are {x;}7_; [20, section 8.7].
Now we can give the following result.

THEOREM 5.2. The above approzimate GSVD tuple for {A, L} satisfies

(5.4) (382 AT Az® — @2 LT L2 = a1 Beps Mugsreg b
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Proof. First notice from (5.3) that

ATAz; = (2 4+ AT Ay = G(ATA+ LT L)a; = M,
L"Lz; = (e + s?)LTLmi =57 (ATA + LTL)xi =s?Mu;
for 1 <i<r. Since X; = (x1,...,,) is an M-orthonormal basis of (R(M), (-,-)ar),
it follows that ATAR(M) C R(M) and LT LR(M) C R(M). Therefore, we have
ATA:Z’Ek),LTLfEk) € R(M) due to igk) = thgk) € R(M). By Theorem 5.1, we have
T[(*(k))ZATAj(k) _ (7(k)>2LTL7(k)] — MT[ATAJ?(-IC) _ (E(k))QM.f(k)]
=0 MTATU 1yt — (0)2Vin
=0 (Vi B + apprvnsrens) vt — (07)2vient®
= ak+1ﬁk+1vk+1€;h§k)a
where we have used BT (k) G(k)hl(-k) and Bkhgk) = QEk)ygk). Multiplying the above
equality by M and using ’PR(M) = MM, we finally obtain (5.4). |

Combining Theorems 5.1 and 5.2, it is more proper to use the residual norm
: 1/2
(5:5)  Ir®lls = (42 =P8 + 117)2AT Az — ()21 L2l 3)

to measure the quality of the approximate GSVD components of A. Since ||vg41||ar =
1, it follows from (5.4) that

(5.6) I 2 /IIAT, L) T 2 < o Bresa e B,
because ||M||1/2
an upper bound of the scaling-invariant relative residual norm Hrl )H JII(AT, L—'—)—'—Hg7
which can be used in a stopping criterion.

We present the pseudocode of the gGKB-based GSVD computation (computing
the GSVD components of A) in Algorithm 5.1. We remark that in order to approx-
imate the GSVD components of L, the gGKB of £ should be used; the spirit is the
same as that for A and we omit it. This process can be computed independently from

(AT, LT)T||2. The easily computed quantity ak+1ﬁk+1|ek \ is

Algorithm 5.1. The gGKB-based GSVD computation (gGKB-GSVD).
Input: AeR™*" L eRP*" tol>0

1: Initialize: choose a nonzero b€ R™; form M =ATA+ LTL

2: Compute B1, a1, ui, v; by gGKB

3: fori=1,2,...,k, do

4:  Compute fi1, Qky1, Ukt1, Vg1 by gGKB; form By, Ugyq and Vi

5: Compute the SVD of By, as (5.1)

6: if ak+1ﬁk+1|ek h( )| < tol then

T Compute (cik), (k),ﬁff)z,‘gk)> (G(k) (1- (ng)) ) Uk+1y( ) th(k))
8: end if

9: end for

Output: Approximate GSVD components (Egk), (.k)jff)w E ))
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that of A, allowing the GSVD components of A and L to be computed in parallel.
Furthermore, it is possible to join the two gGKB processes together to save some
repeated computations. A systematic comparison of the parallel and joint gGKB
processes for large-scale GSVD computations will be explored in future research.

5.2. Convergence and accuracy. We provide preliminary results about the
convergence and accuracy of gGKB_GSVD for GSVD computation. The following
result demonstrates the good property of gGKB_GSVD at the terminate step.

THEOREM 5.3. Following the notation and assumptions of Theorem 4.2, then
at the kith step, the gGKB_GSVD algorithm computes exactly ky GSVD components
corresponding to the nonzero elements in {Pg,b,...,Pg,b}.

Proof. By Theorems 5.1 and 5.2, at the terminate step of gGKB, it computes the
exact SVE components of A, which are also the exact GSVD components of {A, L}
by Theorem 3.5. Following the notation in the proof of Lemma 4.3, we need to prove

that the s vectors ]7543)2- belong separately to the invariant subspaces Gy,...,Gs. Since

91(5) > () have different values and G; are mutually 2-orthogonal, these i)(As)i must belong

to different invariant subspaces. Therefore, we only need to prove ngii)i = 7545,)1‘ for
each 1 < i < s, where G = G ®--- ® G,. From the proof of Lemma 4.3, we have

ﬁif,)i € Ks(AMTAT b) = span{w; };;, and

1 N - N1
91Tb ! ifl
— - 1 A 0 A ~
Wy = (w07~--7ws—1):Gs . . . :5G3AsTsa
- Do e
910 TP VP o

where Gy = (g1, ...,9s). Since g b+ 0 and T, is nonsingular, it follows that R(WS) =

(s)

R(Gs). Thus, we can write py’; as ﬁfi?i = G5z with a nonzero z € R®. Now we
immediately obtain

S S
Pap'ys =Y Popi: = GiG](Gz)=(G.G] )Gz =7,
i=1 i=1
which is the desired result. 0

To investigate the convergence behavior of the approximations, we give the fol-
lowing result to describe the convergence speed of the Ritz values ng).

THEOREM 5.4. For any 1 <i<q; + g2, let

|Cip£,ib‘

5.7 ¢; = arccos ———=———.
7 B

Then at the kth iteration of gGKB_GSVD, it holds for 1 <i <k that

ngk) tan ¢; )

: <E—(OM)2< (B | T
(5.8) 0= -0 s@-)| g araym

where C;(t) is the jth Chebyshev polynomial

Q@:%ﬁuwﬁlqﬁ+a+Vﬁ—n*y|ﬂzL
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and

] 2
=1l 5 >0, KM =1(i=1).

Proof. Using the relations (4.7) with G =Z = I,,, and W, :~)~(1, it follows that the
coordinate representation of gGKB is the standard GKB of AX; with starting vector
b. This GKB process is equivalent to the symmetric Lanczos process of (AX 1) TAX, €
R"*" with starting vector (AX1) b, which generates 2-orthogonal vectors {u; }#_; and
the symmetric tridiagonal matrix B;—Bk; see, e.g., [32]. Since AX; = P4Y.4, it follows
that (AX,)TAX, = I.(Z)X4)I] is the eigenvalue decomposition of (AX])TAX,, and
(AX))Tb= Y1 Plb. Since the ith eigenvector of (AX,)TAX] is e; and

% T
(AX1)"b=23Pib=((P{;0)T (PL0)" 0)

the angle between (A)Nfl)—rb and e; for g1 +q2+1<i<risw/2,and for 1 <i<gq;+¢o
the angle is expressed as (5.7). Notice that the eigenvalues of B} By are (ng))g. Using
the convergence theory of the symmetric Lanczos process (see, e.g., [48, Theorem 6.4]),
we immediately obtain (5.8). O

Theorem 5.4 indicates that the convergence rate of ng) primarily depends on two
factors: the closeness between b and the corresponding vector p4 ; and the degree of
separation of ¢; from others. Therefore, usually we can expect rapid convergence to
the extreme and well-separated positive ¢;. Note again that the approximations will
not converge to the GSVD components corresponding to those zero c¢;, since the angle
between (AX;)"b and e; is 7/2 for q; + g2 +1 < i <r. The convergence behavior
of ﬁf:)i and .’Egk) can also be described similarly based on the convergence theory of
the symmetric Lanczos process, but the mathematical expressions are more complex.
Interested readers can refer to [48, section 6.6]

We remark that all the aforementioned results are derived for the gGKB with
exact computations, i.e., we do not take into account rounding errors and computa-
tional errors arising from iteratively solving (4.3). In the presence of rounding errors,
the Lanczos-type iterative process behaves very differently from that in exact arith-
metic. One well-known result is that the orthogonality of u; and v; will be gradually
lost, which leads to a delay of convergence of approximations and the appearance of
spurious convergent quantities [32]. Also, the inaccurate computation of M 5 may
affect the final accuracy of the approximations. These issues for gGKB_GSVD will
be addressed in future work. We will demonstrate several of them in the subsequent
numerical experiments.

6. Experimental results. We report some experimental results to demonstrate
the performance of gGKB_GSVD for computing nontrivial extreme GSVD components.
All the experiments are performed in MATLAB R2023b using double precision. The
codes are available at https://github.com/Machealb/gsvd_iter. For the starting vector
of gGKB for A and L, we use the random vector b =randn(m,1) and b =randn(p,1)
with random seed rng(2024), respectively.

Ezample 1. The matrix pair {4, L} is constructed as follows. Set m =n=p =
1000. Let C4 = diag({c;}1,) with ¢(1) = 1,¢(2) = 0.95,¢(3) = 0.90, ¢(4:n —3) =
linspace(0.88,0.12,n-6), and ¢(n — 2) = 0.1,¢(n — 1) = 0.05,¢(n) = 0.01, and let
Sy, = diag({s;}_;) with s; = (1 — ¢?)'/2. Then let W be an orthogonal matrix by
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letting W = gallery(‘orthog’,n,2) and D =diag(linspace(1,100,n)). Finally,
let A=CAW D and L=S,W'D. By construction, {A, L} is a regular matrix pair,
and the ith generalized singular value of {A,L} is ¢;/s;, where the corresponding
generalized singular vectors are the ith columns of I,,, I,,, and D~'W.

In this experiment, we use gGKB_GSVD to compute several largest and smallest
generalized singular values and show the convergence behavior of Ritz values 95’“),
where gGKB is performed with and without reorthogonalization. This is a small-
scale problem, and therefore we directly compute M ! for computing M ~'5 at each
iteration of gGKB. Figure 6.1 shows the convergence of the first three largest and
smallest Ritz values, where in the top two subfigures the right vertical lines indicate
the values of ¢;. There are four findings. (1) If no reorthogonalization is used for gGKB,
then as the iteration proceeds, the converged Ritz values may suddenly jump up (they
also may jump down for converging to those smallest ¢;) to become a ghost and then
converge to the next larger ¢;; this phenomenon leads to the appearance of spurious
copies of computed ¢;. (2) If gGKB is performed with full reorthogonalization, the
convergence of the Ritz values remains regular, and the first three largest and smallest
Ritz values converge to the first three largest and smallest ¢;, respectively. (3) The
final accuracy of the approximated c; is around O(u), where u= 2753 ~ 10716 is the
roundoff unit of double precision. (4) The convergence to those largest ¢; is faster
than the convergence to those smallest ¢;; also, the convergence to c1,c2 and ¢, cp—1
is faster than that to c3 and ¢,,_». This is because ¢, ¢y are more well-separated from
others than c3; the same reason applies to ¢,,c,_1, and ¢, _s.

Approximations to ¢; Approximations to ¢;

o
@
o
@

Ritz value
c o
>
—F——
Ritz value
c o <
>
.

o
=
=
=

o
[
o
[

=
o
o
S
=
3
o
3
=
o
o
3

100 150
Iteration Iteration

The first three ¢;

The last three ¢;

k
BE Eva———e
——cp1 — 9,@1

k
—v—|cp_2 — 9,& )

——les— 0]

—v—|c3 — 0;“\ |

2

Error
Error
=)
5

1010

10715 F

1015

1020
0

Iteration Iteration
F1c. 6.1. Convergence and accuracy of approzimations to c¢;, Example 1. Top: convergence of

Ritz values ng) to largest/smallest ¢; by gGKB-GSVD without reorthogonalization (left) and with full
reorthogonalization (right). Bottom: error curves (full reorthogonalization).
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Approximations to s; Approximations to s;
1 ';\5 o 1
g‘{ Mx:
0.8 X 0.8 :j(
A I
x| X \‘
S 06 S o6 \5\
© ©
> > X
N N X
Z 04 o 04
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o . . o . .
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100 10°
(k (k
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K —v—lss = 03]

10710

Error
Error

1010
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~rone VR~

10718
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Fic. 6.2. Convergence and accuracy of approximations to s;, Example 1. Top: convergence of
Ritz values Gl(k) to largest/smallest s; by gGKB_-GSVD without reorthogonalization (left) and with full
reorthogonalization (right). Bottom: error curves (full reorthogonalization).

We also test using the gGKB of £ to approximate several largest and smallest s;.
The convergence behavior of the Ritz values and error curves are plotted in Figure 6.2.
In addition to the findings closely resembling those depicted in Figure 6.1, there are
two additional insights. First, we find that the first three smallest Ritz values converge
to So, 83,84 instead of s1,s2,s3. This is because s; = 0, which cannot be converged
upon by Ritz values, as revealed by Theorems 5.3 and 5.4. Therefore, we should use
gGKB of A to compute the generalized singular values with value co. Second, we
find from the bottom two subfigures that those smallest s; can be approximated more
quickly than the largest ones, due to their well-separated locations. Given that these
smallest s; correspond to those largest c;, it is unsurprising that they exhibit similar
convergence behaviors.

Ezxample 2. The matrix A named well1850 is taken from the SuiteSparse matrix
collection [13], and the matrix L is set as

1.1 -1
1.1 -1
L= S e R(—Dxn,
1.1 -1

This is a regular matrix pair. We use the MATLAB built-in function gsvd.m to
compute the full GSVD of {A, L} as the baseline of comparison.
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The 1-st GSVD components The n-th GSVD components
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Fic. 6.3. Error curves of the approximate GSVD components by gGKB_GSVD and relative resid-
ual norm with its upper bound, Ezample 2. Left: approzimations to the 1st GSVD components.
Right: approximations to the nth GSVD components.

In this experiment, we test the performance of gGKB_GSVD for computing the
first and nth GSVD components of A for a matrix pair with nonsquare matrices. We
only show the results for the gGKB of 4 and omit the similar results for the gGKB
of £. Full reorthogonalization is used and M ! is computed directly. The errors for
the approximated generalized singular vectors are measured by sin Z(z,y) between
two vectors. We also plot the variation of the relative residual norm and its upper
bound ak+15k+1|e;h§-k)|. Figure 6.3 shows that gGKB_GSVD can approximate very
well the two group extreme GSVD components, with final accuracy around O(u).
The upper bound ak+1ﬁk+1|egh£k)\ exhibits a nearly identical decreasing trend as
the relative residual norm. Therefore, it is a highly suitable quantity to be employed
in the stopping criterion. We also observe that the convergence to the first GSVD
components is faster than the convergence to the nth.

Ezample 3. The matrix pair {A,L} is constructed as follows. Set m = n =
p = 1000 and set r = 900. Let Cy = (¥4,0) with Cy = diag({c¢;}I_;), where
¢(1) =0.99,¢(2) =0.98, ¢(3:7—2) =linspace(0.96,0.06,r-4), and ¢(r — 1) = 0.04,
c(r —1) = 0.02, and let S = (X1,0) with ¥ = diag({s;}/_,) and s; = (1 — ¢2)'/2,
Then let W = gallery(‘orthog’,n,2) be an orthogonal matrix and D =
diag(linspace(1,10,n)). Finally, let A = Cu,WTD and L = S,W'D. By con-
struction, we have rank((AT,L")") =r < n, and the nontrivial GSVD components
are ¢;, s;, and the ith columns of I,, I,,, and D~'W for 1 <i <r. For each nontrivial
x;, we compute Prpnyz; = MM fa; to get the corresponding right generalized singular
vector belonging to R(M). We use gGKB_GSVD to compute z; that belongs to R(M).

In this experiment, we test the performance of gGKB_GSVD for computing the first
and rth GSVD components for a nonregular matrix pair. We directly compute MT
and use full reorthogonalization for gGKB. Figure 6.4 shows very good performance of
the algorithm: (1) the two extreme GSVD components (¢;,pa,i,x;) for i =1,r can be
approximated with final accuracy around O(u); (2) the relative residual norm and its
upper bound ak+1ﬁk+1|egh£—k)\ follow nearly identical decreasing curves, with both
eventually stabilizing at a level around O(u). Again, we observe that the convergence
to the first GSVD components is faster than the convergence to the rth.

Ezample 4. The matrix pair {A, L} is constructed as follows. Set m=n=p=10000.
Let Cy = diag({c;}?;) with ¢(1) = 0.99,¢(2) = 0.97, ¢(3:n — 2) = linspace(0.95,
0.15,n-4), and ¢(n — 1) = 0.1,¢(n) = 0.05. Let S; = diag({s;}",) with
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FiG. 6.4. Error curves of the approximate GSVD components by gGKB_GSVD and relative resid-
ual norm with its upper bound, where rank((AT,LT)T) =r < n, Ezample 3. Left: approzimations
to the 1st GSVD components. Right: approximations to the rth GSVD components.

s; = (1 —c2)'/2. Then let W = gallery(‘orthog’,n,2) be an orthogonal matrix
and D = diag(linspace(1,10,n)). Finally, let A = CAWTD and L = S,WTD.
By construction, {A, L} is a regular matrix pair, and the ith GSVD components are
¢i, 8, and ith columns of I,,, I,,, and D~'W.

We use this experiment to demonstrate the impact of inaccuracy in the compu-
tation of M'5 on the final accuracy of the approximate GSVD components. We use
the MATLAB built-in function 1sqr.m to solve (4.4) iteratively with stopping tol-
erance tol = 10710, 1078 at each iteration of gGKB, respectively. Figure 6.5 shows
the decrease of relative errors of the first and nth approximate GSVD components
with the two stopping tolerances. We observe that the computational accuracy of
MT5 significantly affects the final accuracy of both the generalized singular values
and vectors. As the computational accuracy deteriorates, so does the final accuracy
of the computed GSVD components. Further theoretical investigation into this issue
should be conducted in future research.

Ezample 5. The matrix pair {A,L} is constructed as follows. Set m = n =
p = 100000. Let C4 = diag({c;}1~,) with ¢(1) = 1.0,¢(2) = 0.99, ¢(3 : n — 2) =
linspace(0.98,0.03,n-4), and c¢(n — 1) =0.02,¢(n) =0.01. Let Si = diag({s;}1;)
with s; = (1 — ¢2)'/2. Then let D =diag(linspace(1,50,n)). Finally, let A=C4D
and L = S, D. By construction, {A, L} is a regular matrix pair, and the ith GSVD
components are ¢;, s;, and ith columns of I,,, I,,, and D!,

The aim of this experiment is to test the performance of gGKB_GSVD for very
large matrix pairs and compare it with JBD_GSVD, which is an efficient algorithm for
computing extreme GSVD components based on the JBD process [28, 56]. Note that
both algorithms are Krylov subspace methods and have nested inner-outer structures.
Thus, we use the MATLAB built-in function 1sqr.m to compute the inner iterations
for the two algorithms with stopping tolerance tol =10"'%. The convergence behav-
ior for approximating the largest GSVD components (c1,pa,1,%1) and the smallest
GSVD components (¢, pa,n,Ty) is shown in Figure 6.6. For the largest components
(¢1,pa.1,21), both algorithms can approximate them very quickly, even for this very
large matrix pair. For the smallest components (¢n, pa n, Tn), the two algorithms take
many more iterations to converge. Although the specific convergence histories differ,
the convergence rates of the algorithms are very similar, likely due to the fact that
both algorithms are Krylov subspace methods. We also find that the final accuracy
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of the two algorithms is similar, with both being influenced by the accuracy of the
inner iterations. For large-scale matrices, the primary computational bottleneck of
gGKB_GSVD lies in the computation of the inner iterations. Future work will focus on
theoretically analyzing the required accuracy for these inner iterations and exploring
strategies to enhance their computational efficiency.

7. Conclusion and outlook. Based on the theory of SVE of linear compact
operators, we have provided a new understanding of the GSVD of {A,L} with A €
R™*" and L € RP*", By defining the positive semidefinite matrix M = ATA+ LT L,
we have shown that (1) the trivial GSVD components {z;} form a basis for V(M) and
any nontrivial z; belongs to the coset z; + N (M), where &; € R(M) is a nontrivial
GSVD component; (2) the nontrivial GSVD components of A and L are just the
SVEs of the linear operators A : (R(M),{:,-)am) — (R™,(-,-)2), v — Av and L :
(R(M), (-, Yar) = (RP,{-,-)2), v — Luv, respectively. As a direct application of this
result, we have developed an operator-type GKB for A and L, leading to a novel gGKB
process. We have used the GSVD of {4, L} to study basic properties of gGKB and
proposed the gGKB_GSVD algorithm to compute several nontrivial extreme GSVD
components of large-scale matrix pairs. Preliminary results about convergence and
accuracy of gGKB_GSVD for GSVD computation have been provided, and numerical
experiments are presented to demonstrate the effectiveness of this method.

The idea of this paper offers potential directions for developing new algorithms
for large-scale GSVD computation. Note that the SVE of A or £ can be treated
as a “weighted” SVD, where the weight matrix M induces a non-Euclidean inner
product. Therefore, existing SVD algorithms based on Krylov subspace projection
may be modified to approximate the SVE and consequently, the nontrivial GSVD
components.
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