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INACCURATE INNER ITERATIONS*
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Abstract. The joint bidiagonalization (JBD) process iteratively reduces a matrix pair {A, L} to
two bidiagonal forms simultaneously, which can be used for computing a partial generalized singular
value decomposition (GSVD) of {A,L}. The process has a nested inner-outer iteration structure,
where the inner iteration usually cannot be computed exactly. In this paper, we study the inaccu-
rately computed inner iterations of JBD by first investigating the influence of computational error
of the inner iteration on the outer iteration, and then proposing a reorthogonalized JBD (rJBD)
process to keep orthogonality of a part of Lanczos vectors. An error analysis of the rJBD is carried
out to build up connections with Lanczos bidiagonalizations. The results are then used to investigate
convergence and accuracy of the rJBD based GSVD computation. It is shown that the accuracy of
computed GSVD components depends on the computing accuracy of inner iterations and the con-
dition number of (AT,LT)T, while the convergence rate is not affected very much. For practical
JBD based GSVD computations, our results can provide a guideline for choosing a proper comput-
ing accuracy of inner iterations in order to obtain approximate GSVD components with a desired
accuracy. Numerical experiments are made to confirm our theoretical results.
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1. Introduction. For many matrix computation algorithms, a basic routine is
reducing a matrix to a structured one using a series of orthogonal transformations. For
example, the first step of the QR algorithm for eigenvalue decomposition is reducing a
matrix to a Hessenberg form [33], while for singular value decomposition (SVD) com-
putation is reducing a matrix to a bidiagonal form [9]. For large-scale matrices, the
reduction via direct orthogonal transformations is very expensive; thus a Lanczos-
type iterative process is a common choice, e.g., the symmetric Lanczos process for
symmetric eigenvalue problem, the Lanczos bidiagonalization for SVD, and so on
[4, 7, 20, 21, 23]. When it comes to large-scale matrix pairs, one method is to implic-
itly transform the matrix pair problem to a stadand single matrix problem, such as
the shift-and-invert Lanczos method for generalized symmetric eigenvalue decompo-
sition [8, 13]. Another popular choice is the Jacobi-Davidson method for generalized
eigenvalue/singular value decomposition, where an inner correction equation needs to
be solved [2, 15, 28]. These algorithms often have the structure of nested inner-outer
iterations, and the inner iteration contains a large-scale matrix computation problem
that should be computed iteratively.

In this paper we focus on another inner-outer iterative algorithm that can re-
duce a matrix pair to two bidiagonal forms simultaneously, which is called the joint
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bidiagonalization process. This algorithm was first proposed by Zha [35] for com-
puting a partial generalized singular value decomposition (GSVD) of a large-scale
matrix pair {A4,L} with A € R™*™ and L € RP*". It was later adapted in [19] to
solve large-scale linear ill-posed problems with general-form regularization [11, 12].
Let C = (AT, LT)T. Consider the following compact QR factorization:

(1.1) C= (‘2) =QR= (gz‘) R,

where Q € R™+P)X" i5 column orthonormal with Q4 € R™*", Q. € RP*™ and
R € R™™™ is upper triangular. Zha’s method generates two upper bidiagonal matri-
ces by implicitly applying the upper Lanczos bidiagonalization to both Q4 and Q.
In contrast, the method proposed in [19] implicitly uses the lower and upper Lanc-
zos bidiagonalizations to reduce Q4 and @, to lower and upper bidiagonal matrices,
respectively. To keep the presentation short, we focus on Zha’s joint bidiagonaliza-
tion from now on, since it is more convenient for GSVD computation using upper
bidiagonal matrices.

By choosing the same initial vectors v; = 01, the two Lanczos bidiagonalizations
can reduce @4 and @, to the following two bidiagonal matrices:

o B a1 B
By = @ ERMF By = @ € RFXF,
Br—1 e Brea
A dk
Meanwhile they generate two groups of orthonormal vectors {us,...,ug}, {vi,...,vx}
corresponding to @4 and two groups of orthonormal vectors {iy1,...,ax}, {01,...,0k}

corresponding to Qr. It is shown in [35] that the basic relation
bi=(-1)""v;, Qfi=aifi

holds. Based on this property, the two Lanczos bidiagonalizations can be jointed
without an explicit QR factorization of C'. Denote by Pg the projection operator
onto the subspace spanned by columns of @, which can be written in matrix form
as Pg = QQT since Q has orthonormal columns. Then we have the following joint
bidiagonalization algorithm:

Zha’s joint bidiagonalization of {A, L}
Choose nonzero s € R",set 01 = Cs/||Cs||
for i=1,2,...,k
ou; =Ti(1:m) — Bim1ui—a
Bivit1 ="Pq <g;) — Q;0;
Gitis = (1) 0 (m+1:m~+p) — Bi_1Gi_1
Bi = (ci3i) )
end

where 8o = o = 0 and ||u;|| = ||@;]| = ||;]| = 1. In this paper, |- || always means 2-norm

of a matrix or vector. Let i; = (ul, Og)T, where 0, € RP denotes the p-dimensional
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zero vector. Note that Pgt,; can be computed iteratively by the relation P, = CZ;
with

(1.2) Z;=argmin ||CZ — 4],

where this least squares problem can be solved by an iterative method. The Lanczos
vectors v; and v; can be implicitly obtained from ;.

The joint bidiagonalization (JBD) of a matrix pair is a generalization of Lanczos
bidiagonalization of a single matrix. In exact arithmetic, the k-step JBD reduces
A and L to small-scale upper bidiagonal matrices By and By, and the reduction
processes of A and L are equivalent to the upper Lanczos bidiagonalizations of ()4
and @r. Therefore, By and By are the Ritz—Galerkin projections of Q4 and @ on
proper Krylov subspaces. This makes the JBD process useful for designing efficient
algorithms for large sparse matrix pair problems. For example, some extreme gener-
alized singular values and vectors of {A, L} can be approximated by using the SVD of
By, or By [17, 35]; the linear ill-posed problems with general-form Tikhonov regular-
ization min, {||Az — b||> + A?||Lz||*} can be solved iteratively by solving small-scale
problems containing By, and By, at each iteration [18, 19).

For a practical implementation of JBD, there are some issues that must be ad-
dressed. For example, as was pointed out by Zha at the end of [35], the computed
Lanczos vectors u;, 4;, and 9; in finite precision arithmetic quickly lose orthogonality,
which will cause a delay of convergence for approximating GSVD components and the
appearance of spurious copies of approximations [17]. Therefore, a proper reorthogo-
nalization strategy should be included in JBD to maintain some level of orthogonality
to preserve regular convergence for GSVD computations. This issue has been studied
by Jia and Li in [16, 17], where they investigate the semiorthogonalization strategy
for JBD and propose an efficient partial reorthogonalization technique that can keep
regular convergence behavior of computed quantities. Another issue is the increasing
computation and storage cost due to the gradually expanding Krylov subspaces, es-
pecially when reorthogonalization is exploited, since all Lanczos vectors must be kept
throughout the computation. Recently, Alvarruiz, Campos, and Roman [1] developed
a thick restart technique for JBD to compute a partial GSVD, which can keep the
size of the Krylov basis bounded, and thus the storage and computation cost can be
further saved.

However, it should be pointed out that the above researchers do not take into
consideration the inaccurate computation of Pu;. The JBD process has the structure
of nested inner-outer iterations, where the Lanczos bidiagonalization is the outer
iteration while an iterative solver for (1.2) plays the role of inner iteration. The overall
computational cost of the algorithm is proportional to the overall number of inner
iterations, and thus a bottleneck is that iteratively solving a large-scale least squares
problem at each outer iteration may be very costly, especially when the solution
accuracy is high. Numerical experiments have shown that the inaccuracy in forming
Poi; does limit the final accuracy of computed GSVD components [35]; thus this
issue is important for the JBD based GSVD computation. On the other hand, for the
JBD based regularization algorithms for discrete ill-posed problems with general-form
regularization, it is numerically shown that the inner least squares problem need not
be solved with very high accuracy [18, 19]; e.g., for the LSQR solver for (1.2), the
default stopping tolerance tol = 1076 for iteration is often enough to obtain a final
regularized solution without loss of accuracy. This means that for ill-posed problems
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the inner least squares problems may be solved with considerably relaxed accuracy,
and thus the overall efficiency can be improved.

In this paper, we study the influence of inaccuracy of inner iterations on the
behavior of the JBD algorithm, with an emphasis on the effect on the convergence and
accuracy of computed GSVD components. The main contributions are the following;:

e For a commonly used stopping criterion for iteratively solving (1.2), we inves-
tigate the influence of the computational error of the inner iteration on the
outer iteration. This reveals that when the inner iteration is inaccurately com-
puted, the outer iteration is not equivalent to the Lanczos bidiagonalization
of Q4 and @y, any longer but has a perturbation of order O(x(C)7), where
k(C) is the condition number of C' and 7 describes the solution accuracy of
(1.2). A couple of recursive relations that describe the loss of orthogonality
of the computed vectors are also established.

e We propose a reorthogonalized JBD (rJBD) process which maintains the
orthogonality of ©;. We perform an error analysis on the k-step rJBD to
establish connections between rJBD and the two Lanczos bidiagonalizations
of Qa, where k(C)7 plays a crucial role for obtaining some useful upper
bounds.

e The results of the above error analysis are used to investigate the conver-
gence and accuracy of the computed GSVD components by rJBD. We show
that the approximate generalized singular values can only reach an accuracy
of order O(k(C)7) by the SVD of By or By, and the accuracy of approx-
imate right generalized singular vectors depends not only on the value of
k(C)T but also on the gap between generalized singular values. In addition,
it can be shown that the regular convergence rate of approximate general-
ized singular values and right vectors can be kept for the rJBD based GSVD
computation.

Our results can theoretically explain some numerically observed phenomena of
JBD in [35]. For example, we theoretically demonstrate that when Pg,; is computed
with lower accuracy and C' is more ill-conditioned, the orthogonality is lost at an earlier
stage. We also give a theoretical explanation for the numerical conclusion in [35] that
convergence rates for the approximate GSVD components are not affected very much,
while the final accuracy does depend on x(C) and the computing accuracy of inner
iterations. For practical JBD based GSVD computations, our results can provide a
guideline for choosing the computing accuracy of inner iterations in order to obtain
approximate GSVD components with a desired accuracy.

The paper is organized as follows. In section 2, we review some basic properties of
the joint bidiagonalization and GSVD of a matrix pair. In section 3, we investigate the
inaccurately computed inner iterations and propose a reorthogonalized JBD (rJBD)
process to keep orthogonality of V. An error analysis is carried out in section 4 to
build up connections between the rJBD process and Lanczos bidiagonal reductions
of Q4 and Q. The convergence and accuracy of approximate GSVD components
computed by rJBD are investigated in section 5. Numerical experiment results for
indicating our theory are given in section 6, and some concluding remarks follow in
section 7.

Throughout the paper, we denote by 0y the k-dimensional zero column vector,
and by I; and Opy; the identity matrix of order k and zero matrix of order k X [,
respectively. The subscripts are omitted when there is no confusion. We use egk) to
denote the ith column of I, and R(M) to denote the range space of matrix M.
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2. Joint bidiagonalization and GSVD of a matrix pair. Although not
computing Q4 or @y, explicitly, the joint bidiagonalization process proposed in [35] is
based on the application of upper Lanczos bidiagonalization processes to Q4 and Qp,
respectively. In exact arithmetic, the k-step joint bidiagonalization reduces A and L
to two upper bidiagonal matrices By and By, and it generates three groups of column
orthonormal matrices Uy = (u1,...,ux), Up = (41,...,0%), and Vii1 = (01,...,0p41)-
Meanwhile, it follows that ¥; is in R(Q), and thus we can write it as ¥; = Qu; with
v; € R™. The k-step JBD process can be written in matrix form as

(2.1) (Imaomxp)vk = Uy B,
Ue\ o )
(22 QQ" (" ) =TT + Bt ()

(2.3) (Opxcm, Ip) Vi P = Uy By,
where P =diag(1,—1,...,(—1)*"1) € R**¥. Let ; = (—1)"~'v;. Using the relation
(24) B'ITCFB]C + BgBk =1

proved in [35], where By, = By P, one can deduce from (2.1)—(2.3) the following matrix-
form relations:

(2.5) QaVi =UrBr, QAUk=ViB{ + Brvnri(ef)",
(2.6) QuVi=UxBr, QFUx=ViB] + Brinsr(ef)”,
where Vj, = (v1,...,v;) and Vi = (91, ...,0;) are column orthonormal. Therefore, the

process of computing Uy, Vi41, and By, is actually the upper Lanczos bidiagonaliza-
tion of @4, while the process of computing Uy, Vi1, and By is the upper Lanczos
bidiagonalization of Q.

The generalized singular value decomposition (GSVD) of a matrix pair was in-
troduced by Van Loan [32], with subsequent additional developments by Paige and
Saunders [26]. The following description of GSVD is based on the CS decomposition
[10, section 2.5.4], where the compact QR factorization of C' is defined as (1.1).

THEOREM 2.1 (CS decomposition). Suppose Rank(C) = r. For the column or-
thonormal matriz Q, the CS decomposition of {Qa,QL} is

(E)-C* )&

where
CA:(ZA, 0>m’SL:(EL, O)p
r o n-—r r o n—r
with
Iy q 0 p—r—+gq
EA: Cl l X EB: Sl l
(0] m—q—1 I r—q—1
q | r—q-—1 q | r—q-1
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satisfying C,ZCA + SESL = 1I,, and P4 € R™*™ P € RP*P, gnd W € R"*™ are
orthogonal matrices.

If we write C; = diag(cqq1,...,Cq41) With cqp1 > -++ > ¢cg4 > 0 and S} =
diag(sq41s---,8q+1) With 0 < sg41 < -++ < 8444, then cf —|—.912 =1, i=q+1,...,q9+1,
and the generalized singular values of {4, L} are

00, ..., 00, Cq+1/5q+1a B ~va+l/5q+17 07' . . 707
— ——

q l t

where t =1 —q—1. To ease the presentation, we always assume that {A, L} is regular,
i.e., Rank(C) = n, which is called a Grassmann matrix pair [22, 30]. Discussions about
the GSVD of a nonregular matrix pair can be found in [24, 26, 31]. For the regular
{A, L}, it follows that R is nonsingular and the GSVD is

(2.7) A=PsCaX ', L=P, S X!

with X = R™'W € R"*". The columns of P4, P;, and X are called generalized
singular vectors.
By (2.1) and (2.3), the k-step JBD process satisfies

(2.8) AZ, =UyBy, LZ,=U,By,

where Z, = RV}, = (21,...,2;r). Therefore, By is the Ritz—Galerkin projection
of A on Krylov subspaces span(Uy) and span(Zy), while By is the Ritz—Galerkin
projection of L on Krylov subspaces span(Uy) and span(Z). This makes it convenient
to approximate some extreme (largest or smallest) generalized singular values and
corresponding vectors of {A, L} by the SVD of By and By, where the singular values
of By, and By can be used to approximate ¢; and s;, respectively. A more detailed
investigation on the JBD method for GSVD computation is found in section 5.

3. Inaccurate inner iterations and the reorthogonalized JBD process.
The JBD process has the structure of nested inner-outer iterations. The overall com-
putational cost of the algorithm is proportional to the overall number of inner iter-
ations. In some cases, using a sparse QR factorization for the inner least squares
problem is a good choice. For most large-scale sparse problems, however, the LSQR
solver is often much faster, and thus should be exploited for computing inner iterations
of the JBD process.

Suppose that (1.2) is solved iteratively with the following stopping criterion:

T
3.1 T < T,
3-1) ICTIw]

where 7; = @t; — C'Z; is the residual with Z; the approximate solution to (1.2). In (3.1),
7 is called the stopping tolerance, which describes the accuracy of the computed
approximation. This stopping criterion is commonly used in iterative methods for
solving least squares problems such as the LSQR; see, e.g., [27]. In our analysis,
rounding errors in finite precision arithmetic are not taken into account. Denote
by x(M) = |M||||MT|| the condition number of a matrix M. The following result
describes the influence of the computational error of the inner iteration on the outer
iteration.
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THEOREM 3.1. For the k-step JBD, suppose the inner least squares problem (1.2)
is solved iteratively with stopping criterion (3.1). Then there exist vectors g; € R(Q)
such that

(3.2) Bitir1 =QQT (31> — iU — gi
b

fori=1,... k. If k(C)T <1, then g, satisfies

(33) 19:[1< 36(C)7 + O(k(C)?7?).

Proof. Suppose that the exact solution of (1.2) is Z; with residual 7; = @; — CZ;.
Then QQ71; = C%;. Since the computed approximation to QQ71; is CZ;, at the ith
iteration we have

Bitiy1 = CZ; — a;0;
= Cil - Oéi’lji — (Cgl - CZZ)
=QQ"u; — ;b — i,
where g; :=CZ%; — Cz; € R(Q).

Now we give the upper bound on g;. It is known from [27] that Z; is the exact

solution to the perturbed problem

(34) min||i; — (C + E;)Z|
with
Ei:_f;fi§7 1Bl HCTFEH <r
17| Ici el

Suppose the residual of (3.4) is 7; = ; — (C' + Ei)ii. By the perturbation theory of
least squares problems [14, Theorem 20.1], we have

Izl w0 (o KO
3.5) BT S 1-s(O)r (” 1G] >
(3.6) I7: — 7| <26(C)||a;||7=2k(C)T.

We mention that the right-hand terms of (3.5) and (3.6) are slightly different from
those in [14, Theorem 20.1], since @; in (3.4) is not perturbed.! By the expressions of
7; and 7;, we have

1Cz = Czi|| = | Eszi — (7 — ma) | < | Bl [[Zall + |76 — 7]
< (IClllz:l +2x(C))
Note that ||| = ||CT4%;|| < ||C|| and ||| < ||@%]| = 1. By (3.5) we have
ICHZllT < ICllm(lZ:] + 112 — Z:l)

. ||C\|||Zz||m(c) K(C)*T 2||7:z'||
n(C’) k(C)?r
< (@) + 1-— H(C)T - 1-— /—1(0)7’
=k(O)T + O(K(C)?1?),

LOne can check the proof of Theorem 20.1 in [14, chapter 20.10] to verify the correctness of (3.5)
and (3.6).
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which leads to
|ICz; — Cz|| <3k(C)T + 0(5(0)27' ).

Thus the upper bound on ||g;|| is obtained. 0

Since 91 and g; are in R(Q), by (3.2) we get 0; € R(Q). However, due to the
appearance of nonzero g;, the computed matrices Vi1, U, and Ui do not have
orthonormal columns any longer. For example, by letting ¥; = Qu; we have from (3.2)

B197 Bg = 01 (QQ iy — a1y — §1)
= UlTQTAul — o1 — ’51T§1
= (L Omxp)01] T ur — 0 = 0{ G

_ 5T~
= —V1 91,

where we use aus = (I, 0 xp)01. Therefore, 91 and 99 are not orthogonal to each
other. The following theorem describes the loss of orthogonality of u; and v;.

THEOREM 3.2. Define yj; := uJTui and vj; == @fﬁi. Let Bopos =0. Then pj; and

vj; satisfy the following coupled recursive relations:

(3.7 Qitji = Biviti + i — Bicipgion + 01 g5, 1<j<i—1,
3.8) BiVji+1 = Qilbji + Bj—1ftj—1,0 — Vi — @fgi, 1< <.

Proof. Using relation (3.2) and «;u; = 9;(1:m) — B;—1u;—1, we have

(3.9) aiup = Qav; — Bi—1ui—1,
(3.10) Bivig1 = Qiuz — v — Q1 s,

where we have used 0; = Qu;. Premultiplying (3.9) by ujT, we have

Qiflji = UJTQAW — Bic1ptji—1
=] (ajv; + Bjvjr + QT G;) = Bim1pjia
= Vi + Bivjyri — Bttt + 07 5,
where we have used vJTm = ijT@l The relation (3.8) can be proved similarly. d
This result is a corresponding version of [21, Theorem 6] that describes the loss
of orthogonality of computed Lanczos vectors when rounding errors are considered.
Here, the loss of orthogonality occurs because a perturbation term Q7g; is added to
the exact recursive relations of the Lanczos bidiagonalization at each iteration, which
is caused by the inaccurate inner iteration; this can be observed from the coupled
recursive relations (3.9) and (3.10). A similar recursive relation about the loss of
orthogonality of @; could also be established, but the expression is more complicated;
we omit it since it is not the main aim of this paper. Theorem 3.2 indicates that as the
inner iteration becomes more inaccurate and C' becomes more ill-conditioned, the loss
of orthogonality of u; and 7; occurs more rapidly. This phenomenon was numerically
observed and pointed out when the JBD was first proposed in [35].
For Lanczos-type methods, the loss of orthogonality leads to a delay of conver-
gence of Ritz values, making the JBD method for GSVD have an irregular convergence
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Algorithm 3.1 The reorthogonalized JBD (rJBD) process.
Input: A€ R™ "™ L € RP*™ nonzero s € R"

1: Let 9, =Cs/||Cs|| > C = (AT, LTT

2: fori=1,2,...,k do

3: ;U = ’Dl(]. :m) — 67;_1’&1‘_1

4: Solve minzegn ||CZ — 4;|| by LSQR with the stopping criterion (3.1), where
the approximated solution is denoted by z; > a; = (ul ,00)7"

5: s, =Cz — a0

6: Biliv1 = 8; — Z;Zl(s?@j)f}j > Reorthogonalize ;41

7 QU = (—l)i_lﬂi(m+1 :m+p) _Bi—l'&i—l

8: Bi = (i i)/ &

9: end for

OUtput: {ulﬁai}i‘fzb {ﬁi}filla {aiaﬂiadhéi}?:l

behavior. To avoid this problem, we propose the following rJBD process. At each
step, we use the Gram—Schmidt orthogonalization to reorthogonalize 9; such that Vi1
is column orthonormal, while vectors u; and 4; do not need to be reorthogonalized.
This can save storage and computation costs compared to full reorthogonalization of
all 9;, u;, and ;. This modified algorithm is described in Algorithm 3.1.

We mention that for the rJBD process, the computed quantities w;, v;, U;, o,
&y, etc. are different from those obtained by the JBD process. Here we use the same
notations to avoid introducing too many tedious notations, and from now on, these
notations always denote quantities computed by rJBD. For the reorthogonalization of
Ui+1, by steps 5 and 6, we can write it in a general form:

i
Bitiyr =CZ — iy — Y _ &5l
Jj=1
where ;; = sgpﬁj for the classical Gram—Schmidt reorthogonalization as is presented

in step 6. In practical computations, using the modified Gram—Schmidt reorthogo-
nalization is usually a better choice. By the above relation, we have

ﬂiﬁi-&-l =C0% — a;0; — ijif/j — (ng — C’Zi)
j=1
= QQTaz — U — ijif)j —(Cz, - C%).
j=1
Similarly to Theorem 3.1 and its proof, if we define g; := C'z; — C'Z;, then we have

(311) ,81‘172‘4_1 = QQT <’ZOL;> — oyl — Zgjiﬁj - gz
j=1

In particular, the property g; € R(Q) and the upper bound in (3.3) still hold. Note
that (3.11) is applied to rJBD, and g; is different from that in (3.2) for JBD.
Let G, =(g1,--.,0k). The k-step rJBD can be written in matrix form:
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(3.12) (In, Onxcp) Vi = Uy, By,
(3.13) QQ" (Oijjk) = Vi(BE + Dy.) + Brbrs1 (egﬁ)>T +Gr,
(3.14) (Opsm 1) Vi P = Uy By,
where
€ e o Eup
Dy — 22 %k .

ik
For the rJBD, the matrix ‘7k+1 is column orthonormal, while U, and ﬁk are not
column orthonormal.

4. Error analysis of the rJBD process. For the k-step rJBD, if one of «;, 3,
&;, and Bl becomes zero, then the procedure terminates. It is usually called a “lucky
terminate” [9], since the procedure has found an invariant singular subspace. In our
analysis, we assume that «;, 3;, &;, and BZ never become zero or numerical negligible
after k steps.

Since 07 and g; are in R(Q), by (3.11) we have ©; € R(Q) for i =1,2,.... Suppose
0; = Qu;, and let 9; = (—1)""1v;. Then we obtain from (3.12)—(3.14) that

(41) QAVk: = UkB]m

T
(4.2) QhUk =Vi(B + D) + Brvrs (6,&’“)) + Gy,
(4.3) QLVe =U.By,

where Vi, = (v1,...,vk), Vi, = (01,...,0%), and Gx = QT Gy = (g1,...,gr) With g; =
Q7 g;. By §; € R(Q) we have ||g;|| = ||3:||. Based on these matrix-form relations, we
make an error analysis of the rJBD process, which builds up connections with the
bidiagonal reductions of Q4 and Q..

4.1. Bidiagonal reduction of Q4. Note that (4.1) and (4.2) imply that the
process of generating By is closely related to the Lanczos bidiagonalization of @4,
where the differences include the reorthogonalizations of v; and perturbation errors
gi- We develop methods inspired by [3] to establish a backward error bound about
the k-step bidiagonal reduction of @ 4. For the sake of simplicity, we only discuss the
case for m >n.

First we give a relation describing the generation of each column of Bjy.

THEOREM 4.1. For the k-step rJBD process, define
D T _e(n) m+n
(4.4) Pa=P-- Py, Pi=lInn—pip;, pi=|( *+ J€R

for 1<1<k—1. There exist fi, 1 € R™T" such that

R 0
(4.5) Pl+1< fey (s)> ( On >+fl+1, | fi1ll = Ok(O)7),

Qjy1e; QAU1+1

with s=m+n — .
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Proof. By (4.1) and the expression of P;, we have

3 e(l) 3 e(l) B e(l)
e ( o= T e ) | T e
Q4169 4161 aj41€1
B e(l) _ (n)
B (a g | Fa (O
1+1€1 Up+1

RE AR
QU 1UL41 Qavit1 — Biw

(n) 0 (n)
" u ) = auis) =27 ()
Z(QAUHl—BzUl "\Qavis by n

= <Q On > — (UZTQAUH.QPZ -+ Bipr-

AUL+1

and

By (4.2), we have

i
(4.6) Qhui = v + Bivigr + Y &ivy + gi

j=1
for i=1,2,...,1. By (4.6) and using the column orthogonality of V;, we have

l

T T T T T
u; QAUH»I = ’UlJrl(QAul) =V41 | v + Ble + Z&jlvj +a9 | = B+ V141915
j=1

which leads to

(n) 0
n(o 2 Y =(o ) - o
: (QAUZ-H — B Qavip1 ( l+191)pl

Using the same method as above, we have

0y, B 0,
h <QAUZ+1> B (QAUI+1> — (uf Qavis1)pi

0 i
(Q " >’ULT+1 awvz+ﬂivi+1+Z§jwj+gi Di

AUl+1

j=1
0n,
= (QAUZ+1> - (’UIT+19¢)P1‘
for i=1,2,...,l — 1. Combining the above two equalities leads to

t ajprel” ' P\ Qavi +19UP QAvi41 b

with fi11 = —Zézl(Pl---Pi,l)(vﬂlgi)pi, where Py = I,,1n. Note that [|p;]| = V2

and P; are Householder matrices. By using the upper bound on ||g;|| = ||g:]| and

neglecting high order terms of 7, we get || fi+1] = O(lk(C)7).

This result will play an important role in the following analysis. Now we give
a backward error bound about the k-step bidiagonal reduction of @4, which is the

main result in this subsection.
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THEOREM 4.2. For the k-step rJBD process, there exist a column orthonormal
matriz Uy, € R™** and a matriz B, € R™*™ such that

(Qa + Ey) Vi, = Uy By,
(Qa+ Ex)"U,=ViBl + ﬁkkarl(eggk))Tv

and
(49) |Bill= O(vakn(C)r).

Before proving Theorem 4.2, we first give some remarks. Notice that the re-
lations (4.7) and (4.8) are matrix-form recurrences of the k-step (upper) Lanczos
bidiagonalization of Q4 = Q4 + Ej. Thus the subspace span(V}) is the Krylov sub-
space Kr(QLQa,v1); see, e.g., [10, chapter 10.4.1]. Therefore, the singular values of
By, will approximate the singular values of @4 instead of those of Q4. Clearly, the
accuracy of approximations to ¢; by the SVD of By is limited by the value of x(C)T.

The proof of Theorem 4.2 depends on the following two lemmas. The first lemma
give a relation similar to that in Theorem 4.1, where some quantities are constructed
only for aiding subsequent proofs.

LEMMA 4.3. For the k-step rJBD with k <n, there exist vectors tgy1,...,U, and
Vk+2, - - -, Up, and nonnegative numbers dyy1, ..., 0, and BkJrl, . ﬁvn,l (define Bn =0
and Up41:=0), such that

(1) 4; and ©; are of unit-norm, and V= (Vi 1, Okt2, - -+, V) is orthogonal;

(I1) if we define for k<l<n-—1
. L e e
P1=PePey1-Piy1, Pi=Ilnyn—0id;, Di= f )
then there exist fri1 € R™™ such that

_ 5,00
(4.10) P ( fre (8)> = (Q On ) + fert, ol = O(kr(C)7),

é{l+161 A’DH»I

where Uy 1 = vpp1 and B := Bi.

Proof. First we construct vectors tg1,...,4, and Ugy2,...,0,. For i > k41,
vectors %; and ¥;4; are generated as

ity = QA0; — Bi—1Ui—1,

k+1 i
ri = QUi — &y Pilip1 =i — Z(%’TW)’UJ - Z (5 2)0,
=1 i=k+2
such that [|4;]| = [|0;41]| = 1, where for i =k + 1 we let iy = ug, Ug+1 = vg41, and

Br = Bi. If the procedure terminates at some step, it can be continued by choosing a
new starting vector. Note that 9,11 are generated with full reorthogonalization. Thus
BnUn+1 =0, and V is orthogonal.
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For [ > k + 1, by using similar calculations as in the proof of Theorem 4.1, we

have

%5 Bze(l) < 0, )

PP L] = " 7

15141 (dlﬂeg‘s) QA
« 0 O
Bl )=, ), i=k+1,...,0-1,

(QAUZ+1> (QA'U[+1> t +

P 0n, B 0., . - .
“\Qatit1) — \Qati = (U190)pis i=1,... k.

Thus we obtain

D D B 6!6(0 ( On ) ( On )
PPy P I \—p...p _ N
ce <a5+1egs) T\ Qavi Qavigr) T

with fiyr ==, (P Pioa) (5]}190)pi and | g || = O(kn(C)7).
For | = k, it can also be verified that (4.10) holds and we omit the similar
calculations. |

Theorem 4.1 and Lemma 4.3 lead to the following result.

LEMMA 4.4. For the k-step rJBD process, define the upper bidiagonal matrix as

oy Py
Qg
§ Br-1
B= Qg Br eR™™.
Q1
B
79
If follows that
(4.11) (SZX‘Z) +F.=P, (&in)
with Fi = (Omany f2r s fros fot1s ooy fog1) € RUPFIXE yphere £, :=0 for k=n.

k n—k

Proof. The proof can be completed by comparing each column of the right- and
left-hand sides of (4.11).
For the first column, we have

~ o - ~ o
Pn(() . )ZPl[pQ...pkpM._RL(O ' ﬂ
m+n—1 m+n—1
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For the (I + 1)th column with 1 <! <k — 1, by Theorem 4.1 we have

- 0) ) 0)
Pn ﬁlel PZ+1 P ﬁlel
o o) (s)
1+1€1 ap41€q
=P 1 .
I+1 <a1+1€1 ) Qsz 1 + fir1

Similar calculations can be carried out for the (I + 1)th column with k<! <n—1 by
using Lemma 4.3. Therefore, the equality (4. 11) holds 0

P

With the aid of the above two lemmas, we can now give the proof of
Theorem 4.2.

Proof of Theorem 4.2. By Lemma 4.4, we have

Onxn = B Py Py ( B > P\ -
2 )+ F, =P, =[x =~ =|x"]DB,
(QAVTL> b " (Omxn> <P21 P22> Omxn Pgl

where 13n is partitioned as

n o m
15" — (1311 ?}2) n
Py1 P) m
By [25, Theorem 4.1], there exist a column orthonormal matrix U, € R™*" and a
matrix M € R™*™ satisfying 0.5 < | M| <1 such that
QaVi + E, =U,B,,
where By = (M PL . I,,)Fg. Therefore, we have
(Qa+ Ex)V,=U,B,
with Ey = (MPL, I,,)F}.V,', which can also be written as
(Qa+ Ex)'U,=V,BL.

By equating the first £ columns of the above two equalities, respectively, we obtain
(4.7) and (4.8). Finally, we have the upper bound

1Bl < || (MPR, 1) 17l < V2IIFL = O(/mkn(C)r),

where we have used || Fy|| < || Fillr < vnmaxi<i<g || fi+1]]- O

4.2. Bidiagonal reduction of Qr. For the rJBD process, a relation that is
similar to (2.4) holds, and the process of generating By is closely related to the
Lanczos bidiagonalization of Q7.

THEOREM 4.5. For the k-step rJBD process, we have
(4.12) BF By, + BL By, = I}, + Hy,

where Hy is a diagonal matriz, and the ith diagonal of Hy, is of order O(0;—1x(C)7)
with (91' = Z;;%J(Bl e 62_])/(@1 te é&i_j) fO?” ) Z 1 and (90 =0
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TABLE 1

Properties of the test matrices.

Matrix pair m,p,n k(C) Description
{illc1850, well1850} 1850, 1850, 712 38.6 least squares problem
{dw2048, rdb2048} 2048, 2048, 2048 261.0 electromagnetics problem
{swang1, 0.1L14} 3169, 3168, 3169 45.0 semiconductor device problem
{A1, L1} 10000, 10000, 10000 100000.0 self-constructed
12 12
1 10 ’N’\ m K
| AT
8 e \
M\
09 Qbf‘ 3’
g ol W'
«@Q

20

30 40 50
Iteration

30 40 50 60
Iteration

Fia. 1. Variation of values ék/dk and 0y, for rJBD of {illc1850, well1850}, 7 = 10712,

The growth speed of 6; is moderate under the assumption that Bl /é&; is a mod-
erate value for ¢ = 1,...,k, which is reasonable since if the rJBD process does not
numerically terminate, then both 3; and &; are moderate values. We use the example
as shown in Figure 1 to illustrate the variation of values Bk /éy, and 0 with respect
to k. The property of the test matrix pair {illc1850,well1850} is shown in Table 1.

Note that the only difference between relations (4.12) and (2.4) is the perturbation
term Hj, which comes from the inaccurate inner iteration. From Theorem 4.5, we
know that the singular values of By, are determined by those of By within errors of
order O(k(C)T), where we omit the moderate value maxi<;<x—16;. This ensures that
By, can also be used to approximate generalized singular values of {4, L}.

To prove this result, we need the following lemma.

LEMMA 4.6. For any i > 1, we have

BiQT s = B20is1 + Vids + i

with a vector d; € R, and ||q;|| = O(0:k(C)T).

Proof. The proof can be completed by mathematical induction. For ¢ = 1, we
obtain from &jt1 = Q07 that

[N

Then we get

1Q€ﬁ’1

(In — QhQa)01 = b1 — Q (1 ur)
01 — 051(,31’02 + aqvr + €101 + gl)

G119 + (1 — a? — a1€11)d1 — @191

£1QY 0 = By + Vidy — Br/én - argy = BP0y + Vidy +

with dl = Bl/&l . (1 — Oz% — 041511) and q1 = _Bl/@l 191, and ||q1|| = 0(91,"6(0)7')
since o = |01 (1:m)|| < 1.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/19/24 to 5.198.137.37 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

JBD WITH INACCURATE INNER ITERATION 247

Suppose the relation is true for indices up to ¢ — 1 > 1. For index i, we have
azQLul = Q{QL@' - Bilezﬁifl

= (I — Q4Qa)0; — Bi—1QT i1

=0 + (—1)' Q% (s + Birui—1) — Bim1 QT 1.
By (4.6) we have

(1) 0iQhui = G Bidisr + (—1)'ai | aivi + Z@‘ivj + 9
j=1
and
QY1 €span{iy,..., 0} + gi 1.

Combining the above two relations with the induction hypothesis

Bi1QT iy = B2 10 + Vicadio1 + gia
and ||gi—1|| = O(0;—16(C)71), we get
(4.13) &iQY ;= &ifivir + Vidy + (—1) (vigs + Bic19i—1) + gim

with a d; € R%. By Theorem 4.1 we have

(4.14) (a2 4 B2 )2 = H(ﬁz el )

aeq ()

< H (Q(Z‘U) H FIIfi]l < 14 OGR(C)r).

Thus we get
levigi + Bim1gi—1ll < V2(a? + 7_1) > max{||gill, | gi-1][} = O(s(C)r)
by neglecting higher orders of 7. We finally obtain from (4.13)
BiQla; = BFoi41 + Vid; + q;
with ¢; = Bi/d&:[(—1)*(igi + Bi—19i-1) + gi—1], and
la:l < i/ 8O (5(C)7) + B/ i1 = O(Bn(C)r)
since Bl/dZ + Bl/o% -0;_1 =20;. This completes the proof of the induction step. 0

Now we can give the proof of Theorem 4.5.

Proof of Theorem 4.5. Using the bidiagonal structure of By and By, we know
that Hj is symmetric tridiagonal. Note that the subdiagonals of B;;FB;C and ngk
are o;3; and —a& 3;, respectively. Thus, the subdiagonals of Hy are zero and Hy, is a
diagonal matrix. For the ith diagonal element, that is, a2 + 82, + &2 4+ 2 |, we use
the relations

a;u; + Bic1ui—1 = 0;(1:m),

Gty + Bi—1tii—1 = Bi(m + 1:m+ p).
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Adding the squares of norms of the above two equalities leads to
f + B71 + 67 + By + 2(aiBiaul w4+ difiaif ) = 1.
For i =1, we have a? —i—o?% =1 due to By 230 =0. For 7> 1, since

T T T
U =iy (Qav; — Biciui—1) =uj_1Qav; — i1
i1

=v] | Bicavi + aicvici + Y &ivj +gim1 | — Bica
=1

:’U;‘Tgifh
by (4.14) we have
|iBio1ug wil < Bicallgioal < 1+ O@R(C)7)]|lgi-1]| = O(K(C)T).
By Lemma 4.6 we have
|@i3i—1ﬁ?—1ﬁi‘ = ‘Bi—lﬂf—l(QL@i - Bi—1ﬁi—1)|

= 0] (Bi-1QL 1) — B4

=67 (B7_10i + Vicalicy + qim1) — B7 4|

= 0(91‘_1&(0)7').

Therefore we obtain
—2(ifirul yui + @ifi 10l ;) = O0;_1k(C)T),

which is the ¢th diagonal of Hy.

d

Similarly to relations (4.1) and (4.2), there are a couple of recursive relations

describing the reduction process from @ to By.

THEOREM 4.7. The following relations hold for the k-step rJBD process:

(4.15) Q1Vi = UxBy,
~ —~ ~ ~ ” T ~
(4.16) QLU= Vi (BY + Di) + Brtwsr (eff) + G,

where Bk is upper triangular, and
(4.17) 1G] = OB H|Vnk(C)).

Proof. Relation (4.15) is just (4.3). Combining (4.1) and (4.2), we have

T T T O\
QaQaVe = QuUk(Bk) = |Vi(Bj, + Di) + Brvk41 (ek ) + G| B
T *\ "
= Vi B, By + apBrvr+1 (ek ) + Vi Dy By, + Gy By,

Premultiplying (4.15) by QT we have

QY QLVi = QT Uy By P.
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Adding the above two equalities and using Theorem 4.5, we obtain

Vi = (QhQa+QLQL)Vi
PN ~ o~ T
= Vk[lk — PB,{B}CP + Hk] 4+ QrULBLP + akﬂkvkﬂ (@(ﬂk)) + Vi DBy, + G, By,.

Using o[k = dkék and Op41 = (—1)Fvs41, after some rearrangements we obtain
PPN ~ ~ N T ~
ViBI B = QLU By — duByinsr (ef) + VeP(DyBy + Hy)P + Gy By P.
Therefore, we have
T75 (DT . D A A O H-1
QLU= V(B + Dy) + Byins (el) — GrBePB;

where Dy = —P(DyBy, + Hk)Pﬁk_l is upper triangular. Relation (4.16) is obtained
by letting Gy = —GkBkPBk_l. By Theorem 4.2 we get

1Bkl = 105 (Qa + Bi)Vill < [Qall + |1 Bill < 1+ O(Vnks(C)7).

By neglecting high order terms of 7 in HGkBkP§k_1||, we finally obtain the upper
bound on [|G]l. d

Since ﬁk is upper triangular, if we write the matrix ﬁk as

& R élk
~ S22k
ij — ' ] 6 kak’

&
then Theorem 4.7 implies for each i =1,...,k that

i

5 A T A N N N

Bitit1 = QL — Gidi — Y &ty — Gi
=1

with ||g;]| = (9(|\§,€_1||\/ﬁ/@(0)7'), which corresponds to the reorthogonalization of v;
with error term §;, where éji are coeflicients appearing in the reorthogonalization.
Based on (4.15) and (4.16), a result similar to that in Theorem 4.2 about the bidiag-
onal reduction of ();, can also be obtained.

5. Convergence and accuracy of the approximate GSVD components.
The results of section 4 can be used to investigate the convergence and accuracy
of GSVD components computed by rJBD. First we give a brief review on the JBD
based GSVD computation. For the GSVD (2.7) of {A4,L}, let X = (z1,...,2n),
Ps=(pai,---sPam), and P, =(pp1,...,pLp). Then it can be written in the vector
form

Az =cipais

Lx; = s;prq,

Sz'ATpA,i = Cz'LTpL,i
for i = 1,...,n, where the ith largest generalized singular value is ¢;/s;, and the
corresponding generalized singular vectors are x;, pa,;, and pr ;, respectively. We
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also use pair {c;, s;} to denote a generalized singular value. Note that each x; satisfies
the normalization condition

(5.1) P (ATA+ LT L)x; =1.

In this paper, we only consider approximations to {c;,s;} and the corresponding
right generalized singular vector z;. In order to approximate left generalized singular
vectors pa; and pyr;, a strategy extracting information from span(Uy,) and span(Uy) is
needed since Uy and ﬁk are not column orthonormal. For a possibly worked method,
one can refer to [3, section 6].

Assume the compact SVD of By, is computed as

(5.2) By = POyYT, O, =diag (cg’“), . 7c,(€k)) L 1> s sl s,

where Py, = (p(lk),...,p,(ck)) and Yy = (ygk), . ,yl(ck)) are k x k orthogonal matrices.
Since ¢? 4+ s7 = 1, we only need to compute ¢;, and the approximate generalized
singular values are {c* s"1 with s = (1 — (¢*)2)1/2. The approximate right
generalized singular vectors are xl(-k) = R‘leyEk) for i=1,...,k. Recall from section
2 that R is invertible under the assumption that {A, L} is a regular matrix pair. It is
shown in [35] that the explicit computation of R~! can be avoided to compute xl(k)

by solving

(5.3) <21> e = QRR™ Wiy = ViyM

iteratively. The above approximations can also be obtained by the SVD of Ek, which
is connected to that of By by (4.12). Detailed discussions about the SVD of By, and
By, when Hj, # 0 can be found in [17, section 4]. Here we do not discuss it any longer.

Now we investigate the final accuracy of computed GSVD components by the
SVD of Bg. Suppose that the algorithm is stopped at the kgth step, and the singular
values and right singular vectors of By, are cl(»ko) and wgkO) for 1 <1 < ky. By Theorem
4.2, c,gk") and Vg, wgk") will approximate the SVD components of Q4 = Q4 + Ej, since
By, is the Ritz—Galerkin projection of Q 4 on subspaces span(Uy,) and span(Vy,). In
order to analyze the final accuracy, we use the following assumption.

Assumption 1. Denote the ith largest singular value of Q 4 by ¢ with correspond-
ing right singular vector w;. We assume at the kgth step that

(5.4) le; — c£k°)| <7, |w;— Vkoyl(k“) | < 7.

This assumption can always be satisfied for a sufficiently large ko < n, since By, can
be used to approximate the SVD components of the m x n matrix @ 4.

THEOREM 5.1. For the rJBD based GSVD computation by the SVD of By which
stops at kg such that Assumption 1 is satisfied, it follows for any 1 <1i <kq that
(5.5) lei — 7| = O(y/mkor(C)7).

Suppose the multiplicity of {c;,s;} is 1 and (5.3) is solved exactly. Let v; =min{c;_1 —
CiyCi — Cip1} for 1 <i<ky and 1 =c1 — €2, Viy = Cho—1 — Cko- For any 1 <i<ko, if
[ Ewoll < i, then

. _ kor(C)T
5.6 T;— x(,ko) R = O <\/ﬁo> .
(5.6) | i /IR P o
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Proof. Notice that the SVD of Q 4 is Q4 = P4C4WT. By the perturbation theory
of singular values (see, e.g., [10, Corollary 8.6.2]), we have

lei — &l <11Qa — Qall = || By | = O(vnkor(C)7).
Therefore, under Assumption 1 we have

lei — P < es — &] + & — 7| = O(rkor(C)T).

i
For ¢; that is a singular value of Q4 with multiplicity 1, by the perturbation
theorem of singular vectors [5, Theorem 1.2.8], we have the perturbation bound
[ Ero |

sinf(w;, m;)| < ——koll__
[sinbws @)l < e

which leads to ||w; — w;|| = O(%) by neglecting high order terms of 7. Note
i °0

that gjl(_ko) — R—leOyl(ko). Under ASSumption 1 we have
o = 2 < IR — R+ R s~ R Vi ™|
B 0 =1 l4p k
< IRl — @ill + [ B [0 = Vg™ |
_0 (R_1||\/ﬁk0n(0)r)
% = 1B |

Dividing both sides by ||[R~}||, the upper bound is obtained. 0

We remark that the matrix-size/iteration-step dependent constant v/nky in O(-)
is nonessential, because it is introduced only for the end to estimate an upper bound
for || Ex,||. Note that the convergence rate of cl(»k) and wgk) as k increases from 1 to
ko mainly depends on the convergence rate of approximating the SVD of Bj. Thus
Theorem 5.1 implies that the final accuracy of approximate GSVD components is
limited by x(C)7 while the convergence rate is not affected too much. Combining
(5.2) with (4.12) we have Bf By — Hy = Yi(Ix — 02)Y,l', which implies that the
singular values of By, are determined by those of By, within errors of order O(k(C)7).
Thus if we want to use the SVD of By to approximate s;, the final accuracy is also
limited by the value of x(C)7; this will be illustrated by a numerical example in
section 6.

Note that the normalization condition (5.1) is 7 RT Rz; = 1. The expression (5.6)
can be regarded as another form of relative error. It indicates that the final accuracy of
approximate right generalized singular vectors depends not only on the value of x(C)7
but also on the gap between generalized singular values. For singular values with
multiplicity bigger than 1, the computation of invariant singular subspaces instead of
single singular vectors is usually considered. Although in this case the mathematical
expression is a bit more complicated, the spirit is similar to the approach of obtaining
(5.6); interested readers can refer to [34] or [29, chapter 5.4].

Finally, we investigate the solution accuracy of (5.3) for getting the final xEkO).
Suppose (5.3) is solved iteratively using stopping criterion (3.1) with tolerance 7 and
the corresponding solution is a’:l(-k"). Using the same approach as that for establishing
(3.5), we have

||33Z(_k0)_jl(_k0)||< K(C)F - OIS _ K(C)
o) T 1=s(O7 " ol ) 1= s(O)7

il

(5.7)
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Fic. 2. Computational error g; and its upper bound for JBD. For {illc1850,well1850} and
{swang1,0.1L14}, 71 = 10712, 75 = 10~?; for {dw2048,rdb2048} and {A;,L1}, 71 = 10710 75 =108,

where the residual s; = ‘N/kyz(k") — C’xgk()) = 0 since (5.3) is consistent. Comparing
(5.6) and (5.7), the relative error ||x§k°) - f§k°)||/||x§k°)|| need not be much smaller
than x(C)7/v;. For a well-conditioned C, values 7 € [0.17,107] are often feasible as
illustrated by experimental results.

6. Experimental results. We report some experimental results to justify the
theoretical results obtained. All numerical experiments are performed in MATLAB
R2019b, where all computations are carried out using double precision with roundoff
unit 27%3 ~ 1.11 x 10716, The codes are available at https://github.com/Machealb/
gsvd_iter.

The tested matrices are mainly taken from the SuiteSparse matrix collection [6]
with the same names. The matrix L1y € R(*=D*7 jg 4 bidiagonal matrix with one
more row than columns and values —1 and 1 on the subdiagonal and diagonal parts,
respectively. The matrix pair {A;,L;} is constructed as follows. Set m =n=p =
10000. Let C4 = diag({c;};) with ¢; = (n —i+1)/2n and S;, = diag({s;}!;) with
s;=(1—c2)"/2. Then let D be a diagonal matrix generated by the MATLAB built-in
function D = diag(linspace(1l,1e5,n)). Finally let Ay =C4D and L; =S D. By
the construction, the QR factorization of C = (‘21 ) is (’211 ) = (gf )D with Q = (gi ),
and k(C) = k(D) = 10°. The properties of the matrices are described in Table 1.
Note the scaling factor 0.1 before L4, which ensures a faster convergence of LSQR
for inner iterations. For each matrix pair, we use the random vector s = randn(n,1)
with random seed rng(2022) as the starting vector for JBD and rJBD. The inner
least squares problem is iteratively solved by the LSQR with stopping criterion (3.1).

Experiments for JBD and rJBD. We first use some numerical experiments to
confirm the theoretical results about the JBD and rJBD processes. Figure 2 shows
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Fic. 3. Loss of orthogonality of v; for JBD and orthogonality level of ¥;, u;, and u; for rJBD.

the numerical behavior of JBD where inner iterations are computed using LSQR with
stopping tolerance 7. The computational error g; and its upper bound (3.3) of the four
test matrix pairs are drawn. For each test matrix pair and each 7 =7, or 7 =75, we
find that ||g;|| varies slightly and 3x(C)7 is an upper bound, which confirms Theorem
3.1. Note that for {A;, Li} the upper bound is more overestimated than others;
this is because the upper bound in (3.6) is more likely to be overestimated when the
condition number is very large. In addition, in the experiments we have found that for
(1.2) it takes extremely many iterations (even more than n) of LSQR to achieve the
desired accuracy described by (3.1). In this case, a proper preconditioner or a scaling
factor transforming {A, L} to {A,yL} can be very useful in accelerating convergence.
Figure 3 depicts the orthogonality level of 9;, u;, and @; measured by ||, — VI V||
and so on when inner iterations are computed inexactly. We can find that a large
7 leads more quickly to a loss of orthogonality of ©;. This phenomenon has already
been observed in [35], the reason for which is revealed by Theorem 3.2. For rJBD
that applies full reorthogonalization to v;, the orthogonality level of v; is kept around
a value close to the roundoff unit, but the orthogonality of u; and u; still decreases
gradually since reorthogonalization is not applied to them.

Figures 4 and 5 illustrate our error analysis results of rJBD. For the four test
examples, the norms of both f;;; and Hj grow slightly with respect to iteration
number [ or k, and they can be controlled by x(C)7 times a moderate constant for
the rJBD with not too many iterations. This confirms Theorems 4.1 and 4.5. The
relation (4.12) indicates that the singular values of By, are determined by those of By,
with a perturbation of order ||Hy|| = O(x(C)7). Therefore, together with Theorem
4.2, we can expect that the absolute errors of approximate generalized singular values
computed by the SVD of By, or By, are both of order O(x(C)7) and the convergence
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F1G. 6. Convergence of Ritz values. The top two use the SVD of By, to approzimate c1,c2, and
c3; the bottom two use the SVD of By, to approzimate s1,s2, and s3. T=10"10,

behaviors of the two are very similar as long as the value of x(C)7 is small to a
certain extent, as will be shown in Figure 6. SAince ék cannot be computed explicitly,
we depict [|0f, | Gi|| with o}, G =of, QT U, — ﬁAke,(ck) by (4.16). We observe that
||17,7;+1CA¥,€|| grows slightly with ||§,€_1/£(C)T|| an upper bound, which confirms Theorem
4.7. For {Ay, L1} the upper bounds are more overestimated than others, the reason
for which is the same as in the case of g;.

Ezperiments for GSVD computations. Then we illustrate the numerical behavior
of the rJBD method for partial GSVD computations. The matrix pair {As, L2}
used in the experiments is constructed as follows. Set m = n = p = 800. Let
Ca =diag({c;}71) with ¢(1) =0.99,¢(2) = 0.98,¢(3) = 0.97, ¢(4: n — 3) = linspace
(0.96,0.04,n-6) and c¢(n — 2) = 0.03,¢(n — 1) = 0.02,¢(n) = 0.01, and Sp =
diag({s;}1,;) with s; = (1 — ¢)'/2. Then let W be an orthogonal matrix by let-
ting W = gallery(‘orthog’,n,2) and D = diag(linspace(1,10,n)). Finally let
Ay = CAWTD and Ly = S;WTD. By the construction, the generalized singular
values of {As, Lo} are ¢;/s; with right generalized singular vectors the ith column of
D='W, and x(C) = 10.

Figure 6 depicts the convergence of Ritz values, which are the first three largest
singular values of By, or the first three smallest singular values of Bj. Both of them
are used to compute the first three largest generalized singular values of {As, Bo}
by approximating ci,cs,c3 or si,S2,s3. The right vertical line indicates the values
of ¢; or s; for i = 1,...,n, and the left and right panels exhibit the convergence
behaviors of JBD and rJBD for partial GSVD computations, respectively. For JBD we
observe from Figure 6(a) that the second largest Ritz value suddenly jumps up at some
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FiG. 7. The approximate accuracy of c(lk) by the SVD of By, and of §(kk) by the SVD of Ek

iteration to continue converging to c¢1, which is the so called “ghost phenomenon” due
to the loss of orthogonality of Lanczos vectors. This phenomenon can be observed
more clearly in Figure 6(c), which depicts the same convergence behavior as Figure
6(a), since they approximate the same generalized singular values. For the rJBD
method, the convergence of Ritz values becomes regular, which is in accordance with
the fact that in exact arithmetic a simple generalized singular value is approximated
by Ritz values without ghosts. This property can be explained by Theorem 4.2. The
convergence behaviors of approximations to the smallest generalized singular values
are similar and we do not show them.

Figure 7 shows the final accuracy of cgk) for approximating ¢; and of §,(f) for
approximating s;, where the stopping tolerances for inner iterations are 107'° and
10712, By Theorem 4.2, cgk) will converge to ¢; with absolute error |c§k) —¢1] of
order O(x(C)7), which can be clearly observed in Figure 7(a). Figure 7(b) shows the
convergence and absolute error |§](€k) — 51| of §g€) by the SVD of Ek, which is very
similar to that of cgk) but with a slight difference, due to the relation (4.12).

Finally we show the convergence and final accuracy of approximate generalized
singular vectors. The stopping tolerances for inner iterations are 10719 and 10712,
and the approximations to the right generalized singular vector z; corresponding to
c1/s1 are obtained by the SVD of By, where xﬁk) is computed by explicitly using QR
factorization of C' to solve (5.3), while a’cgk) and :E:(Lk) are computed by solving (5.3)
using LSQR with stopping tolerances 7y = 7 and 7> = 1007. The approximation errors
are also measured using

sin / (1:1, x(lk)) , sin/ (xl , :fgk)) , sin/ (:1:1, igk)) .

Since 1 > kx(C)T for k=1,...,80, in this case (5.6) becomes ||z, — x(lk)H/HR*lH =
O(Vnkr(C)1/m), and we use (C)7/v1 as an upper bound on final accuracy of
approximate vectors.

From Figure 8 we can find that xgk) can eventually approximate x; with relative
errors bounded by x(C)7/71, and the convergence rate is not affected too much by
different values of 7. The computed jj(lk) with 71 = 7 has the same accuracy as sr:gk)7
while the accuracy of igk) computed with 71 = 1007 is slightly worse. Although we
do not show it here, using 7 = 107 to solve (5.3) can also get a vector with the same

accuracy as x§’“). All values of 7 € [0.17,107] are feasible for computing ;.
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LSQR with stopping tolerance 71 =T and T2 = 1007.

7. Conclusion and outlook. For the joint bidiagonalization of a matrix pair
{A, L}, we have studied the influence of inaccuracy of inner iterations on the behavior
of the algorithm. For a commonly used stopping criterion with tolerance 7 to describe
solution accuracy of inner least squares problems, we have shown that the orthogonal-
ity of Lanczos vectors will be lost where the loss rate depends on 7 and the condition
number of C = (AT7LT)T; A reorthogonalized JBD process called rJBD is proposed
to keep orthogonality of Vi, and an error analysis has been carried out to build up
connections between the rJBD process and Lanczos bidiagonalizations of Q4 and @,
where a backward error bound about the bidiagonal reduction of @) 4 is established.
The results of error analysis are used to investigate the convergence and accuracy of
the computed GSVD components of {4, L} by rJBD, which shows that the approxi-
mate generalized singular values can only reach an accuracy of order O(k(C)7) and
the accuracy of approximate right generalized singular vectors depends not only on
the value of k(C)7 but also on the gap between generalized singular values, while the
convergence rate is not affected very much. Some numerical experiments are made to
confirm the theoretical results.

For practical JBD based GSVD computations, our results can provide a guide-
line for choosing a proper computing accuracy of inner iterations in order to obtain
approximate GSVD components with a desired accuracy. In addition, there are still
some issues that need to be considered to make the JBD method a practical GSVD
algorithm. For example, an efficient procedure is needed to extract information from
span(Uy) and span(Uy) generated by rJBD to compute left generalized singular vec-
tors. Another issue is how to accelerate convergence of the inner iteration. A proper
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preconditioner may be very useful for iteratively solving inner least squares problems.
Numerical experiments show that an appropriate scaling factor transforming {4, L}
to {A,~vL} has a positive effect on both the number of iterations needed by LSQR for
inner iterations and the number of outer Lanczos iterations; thus scaling strategies
are worth investigating. These issues constitute the subject of future research.
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